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PREFACE 

 

In this paper, we consider the optimality condition for convex programs with regard to 

their fundamental properties and other preliminary results. They are demonstrated through 

the construction of convex programs. The optimality condition can be specified to Karush 

– Kuhn – Tucker (KKT) and saddle point conditions to optimize the convex problems. 

KKT conditions and Saddle point theorem are the main tools  of this seminar work in 

evaluating the optimality conditions for convex programs. Specifically, this paper is dealt 

with the assumptions and relations among the optimality conditions of convex problem in 

order to ensure that the KKT necessary and sufficient conditions.  

This seminar paper is organized as follows; the second chapter introduces some preliminar

y definitions, facts and results about the concept of optimality conditions for both constrain

ed and unconstrained convex problems. In chapter 3, the proof of KKT theorem necessary 

and sufficient conditions for convex programs and applications of convex optimizations 

are discussed. Finally, summary and references are presented in their respective chapters. 
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1. INTRODUCTION 

1.1. Background of the Study  

Throughout the ages, man has continuously been involved with the process of 

optimization. The process of optimization is the process of obtaining the best, if it is 

possible to measure and change what is ‘good’ or ‘bad’. In practice, one wishes the 

‘most’ or ‘maxima’ (e.g salary) or the ‘least’ or ‘minima’ (e.g Cost expenses). 

Therefore the word ‘optimum’ is taken to mean ‘maximum’ or minimum’ depending 

on the circumstances, ‘optimum’ is a technical term which implies quantitative 

measurement and is a stronger word than ‘best’ which is more appropriate for 

everyday use. Likewise, the word ‘optimize’ which means to achieve an optimum, is a 

stronger word than ‘improve’. Optimization theory is the branch of mathematics. 

Optimization problems occur in most disciplines like engineering, physics, economics 

and mathematics etc. 

Convex programming is a subclass of non linear programming (NLP) that unifies and 

generalizes least square (LS), linear programming (LP) and convex quadratic 

programming (QP). This generalization is achieved while maintaining many of the 

important, attractive theoretical properties of these predecessors. Numerical algorithms 

for solving convex programs are maturing rapidly, providing reliability accuracy and 

efficiency. A large number of applications have been discovered for convex 

programming in a wide variety of scientific and non scientific fields, and it seems clear 

that more remain to be discovered         

In mathematics convex programming (CP) is process of solving an optimization 

problem defined by a system of equalities and inequalities, collectively termed 

constraints over a set of unknown real variables, along with an objective function to be 

maximized or minimized, where the constraints or the objective functions are convex. 

Economics is inherently a framework for studying a world in which individuals, firms 

and governments make decisions that seem best to them given the inherent limitations 

on their behavior. The most common constraints are limitations on time, money and 

other resources.
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Most of these constraints tend to be binding, or in other words we tend use up all the 

available resources in making the decision. So as we mention above the main 

techniques of this covered with optimizations equality and inequality constraints: i.e. 

maximizing and minimizing some measure of well being subject to a constraint that 

holds exactly.   

Optimality conditions form the foundation of mathematical (convex) programming 

both theoretically and computationally. In general, these conditions can be classified as 

either necessary or sufficient. Of course, one would like to have the same criterion be 

both necessary and sufficient. However, this occurs only under somewhat ideal 

conditions which are rarely satisfied in practice. In the absence of convexity, one is 

never assured, in general, of the sufficiency of any such optimality criterion. Then we 

are considering with only the necessary and sufficient optimality conditions to face the 

vast number of convex programming problems. This work of optimality condition 

most probably assesses the Saddle Point Theorem and Karush – Kuhn – Tucker (KKT) 

condition. The known necessary optimality condition for convex programs is Karush – 

Kuhn – Tucker (KKT).  

The KKT conditions were originally named after Harold W. Kuhn, and Albert W.

Tucker, who first published the conditions (Kuhn and Tucker, 1951). Later scholar

s discovered that the necessary conditions for this problem had been stated by William K

arush in his master's thesis (Karush, 1939 and Kjeldsen, 2000) as cited by Seifu and Moha

mad (2016). 

Under differentiability and constraint qualifications, the Karush–Kuhn–Tucker (KKT) 

conditions provide necessary conditions for a solution to be optimal. Under convexity, 

these conditions are also sufficient.  

Consider the optimization problem of standard form:(P)   

Minimize        

subject to   (x) ≤ 0,  for all   i = 1,...,m 

                   ( ) = 0, for all   i = 1,...,p 

to describe the problem of finding at x that Minimizes       among all x that satisfy 

the conditions   (x) ≤ 0 for all i = 1,...,m and   ( )=0, for all i =  1,...,p. We call 

     the optimization variable and the function      
     the objective 
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function or the cost function. The inequality   (x) ≤ 0 are called inequality 

constraints and the corresponding functions  :  
    are called inequality constraint 

functions. The equations   ( ) = 0 are called equality constraints and the functions     

     are the equality constraint functions. If there are no constraints (i.e. m = 

p = 0) we say the problem (P) is unconstrained (Boyd ,2009).  

The Karush Kuhn Tucker (KKT) condition at a given       say that there exist 

Lagrangian multipliers   
 and   

 such that  

   (  ) +   
      

   
       

  
 
       

   = 0                                         (stationary) 

    
        for  i =  1,...,m,       

     for all   i= 1,...,p                   (primal feasibility)  

  
     

                                                                                           

  
    ,                                                                                                 (dual feasibility) 

In order to have an optimal solution to the given minimization problem (P), the KKT 

necessary condition has to be satisfied. The above optimality criteria has been used to 

formulate algorithms that solve (P) in the presence of any constraint qualification. 

1.2. Statement of the problem 

 Let us consider the standard form of minimization problem. 

                                                     

                                     subject to   (x) ≤ 0, for all  i =1,...,m                        

                                                             , for all i = 1,...,p,  where 

 the objective function    is convex function, 

 the function defining the inequality constraints   (x), i = 1,...,m are   

 convex functions, and  

 the functions defining the equality constraints,        , for all  

       i = 1,...,p are affine functions.                                                     

This work of optimality condition assess through the Karush – Kuhn – Tucker (KKT) 

condition. In the absence of constraint functions the problem can solve using the first and 

second order derivatives for necessary and sufficient conditions respectively. But in the 

presences of equality and inequality constraints problem (P) becomes more difficult to 

solve. So this paper death with the Karush – Kuhn – Tucker (or simply KKT) necessary and 

sufficient conditions.  
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So in this work, we discuss the necessary and sufficient optimality conditions for convex pro

blems with the help of KKT conditions.  

1.3. Objectives  

The general objective of this seminar work is to find the solution of the primal value and its 

specific objectives were:      

 To discuss some of the optimality conditions for convex programs. 

 To discuss the necessary and sufficient conditions with respect to optimality 

conditions for convex programs. 

 To discuss duality in convex programs. 

1.4. Methodology 

The seminar was developed through a number of resources and materials which are፦ 

 Quite relevant to the paper like: reference books, soft copies and internet. 

 Related journals, seminars and projects used to consolidate all the entire Frame 

work and skeleton of the paper. 

 Core ideas theorems and concepts verified and supported by examples. 

 Applications of the real life problems are also presented. 
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2. MATHEMATICAL PRELIMINARY 

In this section we present some preliminary definitions, theorems and lemmas which 

are important to optimality condition for convex programs and which are quite 

relevant to discuss the KKT optimality conditions.  

Definition 2.1. The set of points for which the objective and all constraint functions are 

defined:          
 
           

 
    is called the domain of the optimization 

problem (P). 

Definition 2.2. A subset S of    is called convex if                              

for all         i.e. the line segment between x and y is contained in S. See Figure 1.  

                                                 

                                           Figure 1.  Illustration of convex set. 

Definition 2.3. A function         is called affine if                    

          for all      and       , i.e. is equal to a linear function plus a constant 

        

Definition 2.4. A function         is called convex if                    

          for all         and       . 

Lemma 2.1. If  (x) is a convex function on a convex sub set S of    , then the set S ={x : 

x   ,   (x) ≤  K} is convex for every real number K.  

Proof: If   ,     S , then  (  )≤ K and  (  ) ≤ K from the definition of S. Since  (x) is 

convex       +(1−  )    ≤   (  )+(1−  )(  ) ≤  K +(1−       

OR       +(1−  )     ,   x     for x =     +(1−  )   and 0 <  <1.  

Therefore this implies x   S that is, S is convex Set by definition. 

Definition 2.5. The Hessian matrix or Hessian is a square matrix of second-order partial 

derivatives of a function. That is, denoted by: 
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Definition 2.6. Constrained optimization is the process of optimizing an objective function 

with respect to some variables in the presence of constraints on those variables.   

2.1. Constrained Optimization Problems 

Consider the problem: 

Minimize        

subject to   (x) ≤ 0,  for all   i = 1,...,m                                                                         (P) 

                   ( ) = 0, for all   i = 1,...,p 

 We call      the optimization variable and the function       
    the 

objective function or the cost function. The inequality   (x) ≤ 0 are called inequality 

constraints and the corresponding functions  :  
    are called inequality constraint 

functions. The equations   ( ) = 0 are called equality constraints and the functions     

     are the equality constraint functions. 

Definition 2.7. An inequality constraint       is said to be active at    if     
    . It is 

inactive at    if     
       

Definition 2.8. Local minimum: Consider the optimization problem (P). 

 Let         We say    is a local minimum of a function    on    if there is       

such that     
         for all               . Where         is the neighborhood of 

  of radius r. 

Definition 2.9. Global minimum: Consider the optimization problem (P). 

Let       . We say that    is a global minimum of    over    if attains the lowest global 

minimum value of    over   . In other words,         is a global minimum of    over    

if    (  ) ≤    (x), for all x    . 

Definition 2.10. A point     is said to be feasible point if satisfies the constraints 

                 and                . 

Definition 2.11. The optimization problem (P) is said to be feasible if there exists at least 

one feasible point, and infeasible otherwise. 

Definition 2.12.The optimal value   
  of the problem (P) is defined as  

  
                                            . 

Definition 2.13. A point      is said to be a solution of the optimization problem (P) if  

   is a feasible point and if   (  )     (x) for every x      

Definition 2.14. A set of vectors              in a vector space V is said to be linearly 

independent if the vector equation,  
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                    has only the trivial solution:              

Definition 2.15. The conditions      
   for     and      

               are linearly 

independent at the optimum is known as the constraint qualification.  

Definition 1.16. (KKT point) 

Let     
    and     

             be differentiable functions. Consider the 

to minimization problem. If a point              , satisfies the conditions: 

   (  ) +   
      

   
    = 0                   

    
        for  i =  1,...,m, 

  
     

                , 

  
    , then          is said to be a KKT point. 

Let us consider the (KKT) necessary optimality conditions for minimization. 

Let    be a feasible of solution of (P) and let I =            . Further,      
   for i I 

and      
  for i = 1,…,p are linearly independent. If    is a local minimum, there exists 

(  
 ,  

 ) such that (     
 ,  

 ) solves the KKT problem (P). 

   (  )     
      

   
    +   

   
       

   = 0     

    
        for  i =  1,...,m,       

     for all   i= 1,...,p          

  
    , 

  
     

                                                                                          

Theorem 2.1. The KKT Necessary conditions 

Consider the optimization problem (P). Let   ,    and    be differentiable functions and    

a feasible solution to the optimization problem (P). Let I =               Further      
   

for i    and      
                are linearly independent. If    is an optimal solution 

to the optimization problem (P), then there exists (      ) such that  (           solves the 

KKT problem.  

Theorem 2.2. Second order KKT Sufficient conditions  

Let    a KKT point where the Linearly independent constraint qualification strictly 

complementarily apply. If      
                for all d   , then    is a strict local 

minimum. 

Proof: Assume   is not a local minimum of problem (P). From the definition of a strictly 

minimum we have a sequence        converging to    and such that            
  . 

Then there is subsequence     
  such that  

    
      

        
                                                                                                           (2.1)                          
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The left hand sides of  (2.1) will for all i’s be vectors of length 1 .Their end-points are lying 

on the sphere            .  

Thus, d is a feasible direction in     If       
 ), we have      

      for at least one 

of the active constraints, and then since in the case   
    by 

complementary slackness      
       But that is simply impossible if   

            
  .  

(Remember By Taylor’s formula       
      

        
              

The only remaining case is that       
    Then we have   

         
         

   

                  
   

 

 
        

 
   

                           
 
                  

      
      

   
 

 
        

 
   

                           
 
  

      
      

   
 

 
        

 
   

                           
 
  

Since the term       
      

   is non positive then we have  

 

 
        

 
   

                           
 
     divide both sides by 

          
 
  

 

 

        
 
   

                 

                
  , as     

      

        
   

Finally we get  

       
                                                                                                          

This is contradicting to the positive definiteness. Therefore    is a local minimum. 

Definition 2.17. The            is a saddle point of the Lagrangian L if the inequality   

                                 holds for   ,                                                                                                                                                             

2.2. Unconstrained Optimization Problems 

Consider the problem of minimizing an objective function that depends on real variables 

with no restrictions on their values. Mathematically, let      be a real vector with     

components and let     
    be a smooth function. Then, the unconstrained 

optimization problem is  

Minimize:                                                                                                                 (Q) 

Where     
    be differentiable continuous function.                                         
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Unconstrained optimization problems arise directly in some applications but they also arise 

indirectly from reformulations of constrained optimization problems. Often it is practical to 

replace the constraints of an optimization problem with penalized terms in the objective 

function and to solve the problem as an unconstrained problem. 

Definition 2.18. (Descent Direction): Suppose that     
    is continuous at   . A 

vector      is said to be a descent direction for    at   . 

if          
          

              . 

Lemma 2.2. Suppose that     
    is differentiable at   . If there exists a vector d such 

that      
      , then d is a descent direction for    at   . 

Proof : Suppose       differentiable at   . 

    
          

         
                                       

Now divide by u. We get   
    

          
  

 
      

             .  

              
  

 
      

       This implies  
    

          
  

 
     

     
          

  . 

Theorem 2.3. Let   :     be differentiable function at   . If    is local minimum to 

the problem (Q), then      
     

Proof : Let            
   for sufficiently small    . Then x is a nbh of   . Since 

   is a local minimum i.e.     
        , this implies           

                     (2.2)    

By first order Taylor expansion, for a neighbor                 

          
              

             ,  

Since            
          this implies that            . 

           
          

          
         ,  where 

    

 
         .  

Then by (2.2)     
        

        
           

        
             

    

 . Since u>0 dividing both sides by u gives, 

    
        

        
  

 
        

        
    

         
   

 
   

                      

 
        

        
    

            

 
  . 

where 
    

 
         . 

       
       

       
             

       

Then we have       
     , hence      
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Example 2.1.                        
 

 
  

          
            

   

                               
        

 
       

             
    

 
 
  

For          has exactly two solutions       
    

         and         . 

Therefore        and       are possible candidates for local optimum. 

Theorem 2.4. If   (x) is a convex function defined on a convex sub set S of   , then  

(a) The set of points S where   (x) is minimum is convex set. 

(b) Any local minimizer of   (x) is a global minimizer.  

Proof: (a) If let  is a minimum of   (x), then S ={x :   (x)≤ K, x   }is convex  

by lemma 2.1. 

(b) If    S is a local minimizer but there is an other point        which is a global 

minimizer such that   (   ) <   (  ) then on line segment x =      +(1−  )  , then   

               +(1−  )  ) ≤    (   )+(1−  )   (  ) <    (  )+(1−  )  (  ) or 

  (x) <   (  ) for all           

This contradicts to the fact that    is a local minimizer. So   (x) ≥   (  ) for all x    .  

Hence there exists no feasible x with   (x) <   (  ) i.e.,    is globally optimal. 

Therefore, any local minimizer which is located in a convex set is global minimizer. 

Theorem 2.5. Convexity (Boyd, S. and Vandenberghe, L. 1999.) 

Suppose f is differentiable. Then f is convex if and only if domain of f is convex and  

                       holds for all            

Proof Case1:-    First we consider the case when    .  

       is convex. Assume f is convex and x, y               Since domain of f is 

convex (i.e. an interval), we conclude that for all                       and 

by convexity of f,  

                              

If we divide both sides by u, we obtain  

          
                

 
 

And taking the limit as     yields                     .                               (2.3)               

Case2:-     Assume the function satisfies (2.3) for all x and y in dom f, which is an 

interval. Choose any    ,and        and let               

Appling (2.2) twice yields   
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                    ,                                      

Multiplying the first inequality by                      and adding them yields  

                     

Which proves that f is convex.  

Case 1:-     Now we can prove the general with       . Let x, y     and consider f 

restricted to the line passing through them, i.e., the function defined by: 

                                                

Assume f is convex, which implies   is convex, so by the argument above we have  

                     which means 

                                                                                                             (2.4)                                

Case 2:-     Assume inequality (2.4) holds for x,y       . So if  

                and                                        

                                                   

i.e.                     . We have seen that this implies that   is convex. 

Theorem 2.6. Second order sufficient condition for optimality. 

 Let   :     be twice differentiable at   . The Second order sufficient conditions for 

optimality: If    is a stationary point ( i.e.      
    ) and H(  ) is positive definite, then 

   is a local minimum point.   

Proof : Suppose       is positive definite. Using second order Taylor series expansion 

around   . If       
    , then the Taylor expansion given by 

          
              

    
 

 
             

                    

then reduce to  

          
   

 

 
             

                     

 Since      
      and the term  

 

 
             

                      , 

then we get that            
     . That is depends on the quadratic form   

 

 
             

        . 

Therefore,              
          , if       

   is positive definite.  

Then we have      
          or     

        . Therefore    is a local minimum 

point of the problem. 

Example 2.2.                
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           . 

                  are the possible candidates for local minimum.   

Now consider the second derivative   
            . 

To check the local minimums, substituting the                   in to the second 

derivative of            

  
                     

             local maximum of     

  
          

           local minimum of     

Therefore               are local minimizers.  

Example 2.3.                           
 

 
  

          
            

   

For          has exactly two solutions       
    

         and         . 

Therefore        and       possible candidates for local optimum. 

   
        

  
      

     
    

                                  

              
    

         is a local minimum for the problem.  

But the other point    
        

  
      

     
    

                                

              
    

         is a local maximum for the problem. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



13 

 

 

3. OPTIMALITY CONDITIONS FOR CONVEX PROGRAMS 

In this chapter we discuss the KKT necessary and sufficient conditions for convex 

programming and we again observe the relation between primal problem  and dual problem 

for convex problems. 

Consider the minimization problem of the form: 

                                                     

                                     subject to   (x) ≤ 0, for all  i =1,...,m                        

                                                        
     , for all i = 1,...,p                                      (R)  

R is called convex program (or convex optimization) problem if:  

 the objective function   is convex function, 

 the function defining the inequality constraints   (x),  i=  1,...,m, are convex 

functions, and  

 the functions defining the equality constraints    
          i=1,...,p, are  

affine functions where    is a column vector and    a real numbers.  

The feasible set of a convex optimization problem is convex, since the intersection of 

the domain of the problem is a convex set with m (convex) sublevel sets             

and p hyper-planes      
      . 

                             

 

   

 

(We can assume that without loss of generality that       if      and      for 

some i, the     equality constraint can be deleted; if      and     , the     equality 

constraint is inconsistent, and the problem is infeasible).Thus in a convex optimization 

problem, we minimize a convex objective function over a convex set. 

3.1. Optimality Condition for Constrained Convex problems 

 Consider the convex problem (R) 

                                                      

                                   subject to     (x) ≤ 0,  for all  i =1,...,m                       

                                                       
     , for all  i = 1,...,p 

It is called constrained convex problem if:  

 m        
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3.1.1. Existence of Solutions 

A theorem stating the existence of an object, such as the solution to a problem or equation. 

Strictly speaking, it need not tell how many such objects there are, nor give hints on how to 

find them. Some existence theorems give explicit formulas for solutions , others describe 

their proofs approaching them , while others are settled by non constructive proofs which 

simply deduce the necessity of solutions without indicating any method for determining 

them. Therefore existence theorem tell us whether our problem has a solution or not .  

Definition 3.1. A point      is said to be a Slater point if   (x) <0 for         and 

                    . Convex optimization problem is said to be consistent if there 

exists a feasible point. 

Theorem 3.1. Existence of Solutions 

 Let CP be a consistent convex program. Suppose that the objective function    is 

continuous and that the constraint functions    are continuous. Suppose that the convex sub 

set S of    is closed and bounded. Then CP has a solution. 

Proof: Since S is closed and bounded and the      are continuous, the set 

                 is closed and bounded. Since CP is consistent, the set S is non 

void. Therefore, the continuous function    assumes its minimum on S and this is a 

solution of CP.  

Theorem 3.2. Uniqueness  

 If the objective function   (x) is strictly convex on the feasible region S of    then the 

global minimizer is unique. 

Proof: Suppose that the solution set S contains two distinct points     and    is defined as 

in theorem 2.4. part (b) with          . Since         and         , we have     .  

By using the strict convexity of    (x), we would conclude that   

   (x)=    (    +(1−  )    )   (    (  )+(1−  )    (   ))  

     (  )+(1−  )    (    =    (  )  

  (x)   (  ) which contradict so the assumption that     S. Therefore, the global 

minimizer is unique. 

Theorem 3.3. An Optimality Criterion for Differentiable Function  

Suppose that the objective    in a convex optimization problem is differentiable, so that for 

all x, y   dom    

                          holds for all                                                (3.1)   
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Let S denote the feasible set i.e.                                                                     

Then x is optimal if and only if x   S and 

               , for all                                                                                      (3.2)   

Proof: First suppose     S and satisfies (3.2). Then if y   S we have, by (3.1), 

          
  . This shows    is an optimal point for (R). 

Conversely, suppose    is optimal, but the condition (3.2) does not hold, i.e., 

for some y   S we have      
           . 

Consider the point                 where u   [0, 1] is a parameter. Since z(u) is 

on the line segment between    and y, and the feasible set is convex, z(u) is feasible. 

We claim that for small positive u we have                             
    

which will prove that    is not optimal. This contradicts the assumption that    is optimal 

of    on S.  To show this, note that,  

 

  
         

 

  
                         

           , so for small 

positive u, we have              
    

Duality: Mathematical optimization theory, duality or the duality principle is the principle 

that optimization problems may be viewed from either of two perspectives, the primal 

problem or the dual problem. The solution to the dual problem provides a lower bound to 

the solution of the primal problem. However in general the optimal values of the primal 

and dual problems need not be equal. Their difference is called the duality gap. For convex 

optimization problems, the duality gap is zero under a constraint qualification condition. 

We define the Lagrange function  
            ,  for     ,           
            (x) +          

            
 
    where           are called Lagrange's  

multipliers and the Lagrange Dual function given by: 

  :         

                                            
            

 
    , then the                   

subsequent Dual Problem is  

               

subject to                                                                                                                      (K)                                       
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3.1.2. The KKT Necessary Conditions for Convex Optimality 

KKT conditions for convex problems 

When the primal problem is convex, the KKT conditions are also sufficient for the 

points to be primal and dual optimal. In other words, if    are convex and    are affine 

          are any points that satisfy the KKT conditions. 

                                                                  
             

                                                                  
             

                                                                      
   ,         

                                                           
     

             

      
       

      
   

       
      

   
      

 then     and (       ) are primal and dual optimal, with zero duality gap. To see this, note 

that the first two conditions state that    is primal feasible. Since   
   , L(        ) is 

convex in x; the last KKT condition states that its gradient with respect to x vanishes at  

x =     so it follows that    minimizes L(        ) over x. From this we conclude that, 

                                             

                                          
        

     
   

       
     

   
    

                                         
   

where in the last line we use     
     and   

     
    . This shows that     and 

          have zero duality gap, and they are primal and dual optimal respectively. For any 

convex optimization problem with differentiable objective and constraint functions, any 

points that satisfy the KKT conditions are primal and dual optimal, and have zero duality 

gap. 

If a convex optimization problem with differentiable objective and constraint functions 

satisfies Slater’s condition, then the KKT conditions provide necessary and 

sufficient conditions for optimality: Slater’s condition implies that the optimal duality gap 

is zero and the dual optimum is attained, so x is optimal if and only if there are (   ) that, 

together with x, satisfy the KKT conditions. 

The KKT conditions play an important role in optimization. In a few special cases it is poss

ible to solve the KKT conditions analytically. More generally, many algorithms for convex 

optimization are conceived as, or can be interpreted as, methods for solving the KKT condi

tions. 
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Example 3.1.  

Minimize:                   

Subject to               

                               

The Lagrangian function is given  

                                                  

 

  

   
                   

  

   
                 

                                                                           stationary              

         ,                                                                                                 dual feasibility  

              

              
                                                                    complementary slackness  

        
        

                                                                                                primal feasibility 

Now consider the complementary slackness condition yield the following 4 Cases. 

Case one: If              and               then           . 

After solving this equation we get    
 

 
, and    

 

 
,  then substituting this value in to the 

stationary we get                  Violating the condition     . 

Case two: If              and             then           . 

 From the active constraint we have           and     , then substituting this value 

in to the stationary we get                   

All these are satisfied the KKT condition i.e.  (                       is the possible 

candidate for optima. 

Case three: If            and             then           . 

From the active constraint we have            and     , then substituting this value 

in to the stationary we get     
  

  
           

  

  
  . But this value violating            

Case four : If            and             then           . We get  

          
         

  , this implies          This also violating the            So    

(             is the single possible KKT point. 
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3.1.3. KKT Sufficient Conditions for Convex Optimality 

Theorem 3.4. KKT Sufficient Conditions () 

Let     
     and     

             be convex and differentiable functions. 

And     
            ,be affine functions. Consider the problem to minimize. If 

(        ) satisfies the KKT conditions , then   is a global minimizer for    on S. 

Proof: Consider the function               
       

       
      

 
   .           

Since                                                                  

Moreover, the dual feasibility conditions impose that we have           Then by 

Theorem 2.5. we have                                                      (3.3)    

Hence, by Theorem 2.6.    is alocal minimizer for L on      

Then (3.3) reduces to                   

In particular, for each x such that           
    . 

          
       

       

 

   

     
         

            
   

 

   

   

          
       

       

 

   

     
      

This implies            
    . We therefore showed that    is a global minimizer 

for the problem. 

Example 3.2. Consider the problem 

Minimize: 
 

 
   

    
    

   

Subject to                    

                          

       
 

 
   

    
    

                         

 
          

       
       

  

Four cases from the complementary slackness are:  

Case one: The constraints            are both inactive and   
    

     

From the latter together with the dual feasibility conditions, we get  

  
    

    
   , hence contradicting the former.  

Case two: the constraint    is inactive and    is active. i.e.    
      

     

From the latter together with the dual feasibility conditions, we 
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get    
    

    hence contradicting the former once again.  

Case three:  the constraint    is active and    is inactive. i.e.    
      

     

The point (     ) such that   
    

    
     and   

    is a KKT point. 

Case four: The constraints   and    are both active and   
      

   . Then we obtain  

  
    

   
 

 
     

  
 

 
        

   
 

 
 , Hence contradicting the dual feasibility condition 

  
   .  

Overall, there is a unique candidate for a local minimum. Yet, it cannot be concluded as to 

whether this point is actually a global minimum, or even a local minimum, of the problem.  

Example 3.3.  

Minimize:                   

Subject to               

                               

The Lagrangian function is given  

                                                  

                                          
    

          
             

              
   

 
 
  

           
  
  

     Let          
  

                
  
  

       
     

       
    

     where    . Then  

          is positive definite.           the KKT point       is sufficient. Hence the 

point  (             is the optimal solution of the problem.   

3.2. Optimality Condition for Unconstrained Convex Programs 

Consider the convex problem (R)  

                                                      

                                 subject to       (x) ≤ 0, for all  i =1,...,m                       

                                                       ( ) = 0, for all i = 1,...,p 

is called unconstrained convex problem if m          . That is   

                                                                                                                      (3.4)                 

where     
    is convex and twice differentiable (which implies 

that dom   is open). We will assume that the problem is solvable, i.e., there exists 
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an optimal point   and is unique. Since    is differentiable and convex, a necessary 

and sufficient condition for a point    to be optimal is 

     
                                                                                                                          (3.5) 

Solving the unconstrained convex problem (3.4) is the same as finding a solution of (3.5), 

which is a set of n equations in the n variables           In a few special cases, we can 

find a solution to the problem (3.4) by analytically solving the optimality equation (3.5), 

but usually the problem must be solved by an iterative algorithm. 

Theorem 3.5. (First-Order Necessary Condition for a Local Minimum) 

Let      
    is differentiable at   . If    is local minimum, then      

      

Proof: Suppose that      
      Then letting d =        

    we get 

      
            

         implies      
         By the above lemma 2.2. there 

is a    , such that     
          

  ,  

for all         . Contradicting to the assumption that    is local minimum for   . 

 Hence      
    . 

Theorem 3.6. (Second-Order Necessary Conditions for a Local Minimum).  

Let     
    is twice differentiable at   . If     is a local minimum, then      

     

and H(  ) is positive semi definite. 

Proof. Consider an arbitrary direction d. Then, from the differentiability of    at     we 

have,      
          

         
     

  

 
                                 (3.6)  

                       Since    is a local minimum from Theorem 3.5.  

     
      Then the (3.6)  

    
          

  

  
 

 

 
                  . 

Since    is a local minimum    
          

  , for all u sufficiently small. By taking 

the limit as    , it follow that           . Since d is arbitrary,       is therefore 

positive semi definite. 

Example 3.4. Consider the unconstrained convex problem. 

                    
    

   

Solution: The gradient of convex function   is given by  

       
  

   
 

  

   
 
 

              

       
   

   
   . Then                  

This implies       
   

 
         i.e. the possible candidate for local optima. 
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Since the problem is convex the necessary point is also sufficient for optimal. 

Check the solution the by second derivative  

         
  
  

   . 

So the optimal value           

Theorem 3.7. (First-Order Sufficient Conditions for Local Minimum). 

Suppose that     
    is differentiable at    and convex on   . If      

      then 

   is a global minimum of    on     

Proof : Suppose    is convex on    and differentiable at    by theorem 2.5 

We have                                      .  

But    is a stationary point.                           

Example 3.5. Consider the problem:  

Minimize:                      ,            . 

The gradient vector and Hessian matrix at          are given by  

     
        

         
      

       
     

       
   

   
    

Hence    is a local minimum of     ( 
  is also a global minimum of    on    since    is 

convex). 

3.3. Duality in Convex Problems 

 Mathematical optimization theory, duality or the duality principle is the principle that 

optimization problems may be viewed from either of two perspectives, the primal problem 

or the dual problem. The solution to the dual problem provides a lower bound to the 

solution of the primal problem. However in general the optimal values of the primal and 

dual problems need not be equal. Their difference is called the duality gap. For convex 

optimization problems, the duality gap is zero under a constraint qualification condition. 

3.3.1. Dual Problem 

Usually the term dual problem refers to the Lagrangian dual problem. The Lagrangian dual 

problem is obtained by forming the Lagrangian using non negative Lagrange multipliers to 

add the constraints to the objective function, and then solving for some primal variable 

values that minimize the Lagrangian. This solution gives the primal variables as functions 

of the Lagrange multipliers, which are called dual variables, so that the new problem is to 
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maximize the objective function with respect to the dual variables under the derived 

constraints on the dual variables (including at least the non negativity). 

3.3.2. Duality Gap 

The duality gap is the difference between the values of any primal solutions and any dual 

solutions. If    is the optimal dual value and    
 
is the optimal primal value, then the 

duality gap is equal to    ≤   
   This value is always greater than or equal to zero. The 

duality gap is zero if and only if strong duality holds. Otherwise the gap is strictly positive 

and weak duality holds. 

3.3.3. Relationship between Primal Problem and Dual Problem 

In the dual problem, the dual vector multiplies the constraints that determine the positions 

of the constraints in the primal. Varying the dual vector in the dual problem is equivalent to 

revising the upper bounds in the primal problem. The lowest upper bound is sought. That 

is, the dual vector is minimized in order to remove slack between the candidate positions of 

the constraints and the actual optimum. An infeasible value of the dual vector is one that is 

too low. It sets the candidate positions of one or more of the constraints in a position that 

excludes the actual optimum. 

3.3.4. Weak Duality 

The optimal value of the Lagrange dual problem, which we denote     is by definition, the 

best lower bound on   
 
 that can be obtained from the Lagrange dual function. In 

particular, we have the simple but important inequality    ≤   
 
                                                                                                             

which holds even if the original problem is not convex. This property is called weak 

duality.  

The weak duality inequality    ≤   
 
 holds when   and   

 
 are infinite. For example, if the 

primal problem is unbounded below, so that   
     , we must have     −∞, i.e., the 

Lagrange dual problem is infeasible. Conversely, if the dual problem is unbounded above, 

so that     = ∞, we must have   
    ∞, that  is, the primal problem is infeasible. 

We refer to the difference   
     as the optimal duality gap of the original problem, since 

it gives the gap between the optimal value of the primal problem and the best (i.e., greatest) 

lower bound on it that can be obtained from the Lagrange dual function. The optimal 

duality gap is always nonnegative. i.e.   
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Theorem 3.8. Weak duality theorem 

Let     be a feasible solution to Primal problem (R),  

that is            
             

       Let (   ) be a feasible solution to problem 

(K), that is       Then     
         . 

Proof: By the definition of        and       , we have  

                                  

 

   

 

   

  

     
           

           
    

 

   

 

   

    
   

           
   

Since     ,     
                 

     . This complete the proof. 

3.3.5. Strong Duality  

From the above definition the optimal duality gap is zero. (i.e.   
     ) then we say that 

strong duality holds. This means that the best bound that can be obtained from the 

Lagrange dual function is tight (narrow). Strong duality does not, in general, hold. But if 

the primal problem is convex, we usually (but not always ) have strong duality. There are 

many results that establish conditions on the problem, beyond convexity, under which 

strong duality holds. These conditions are called constraint qualifications.  

Properties:  

 Dual problem is always convex i.e. function ' ' is always concave. 

 Weak duality always holds ( for convex and non convex problems.)  

 The Primal Optimal and Dual Optimal values i.e.   
       satisfies Weak duality. 

 Strong duality does not hold in general 

 Strong duality usually holds for convex problems. 

 Slater condition for convex primal, if there is an x such that                 

  and                   , then strong Duality holds. 

 If strong duality holds, solving dual is equivalent to solving primal. 

 A feasible       provides a certificate that the primal optimal is greater than 

        

Theorem 3.9. Saddle Point Optimality Conditions in Convex problems 

Consider the problem 
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Minimize :        

Subject to                                                                                                    

Let       be an optimization (problem) program        be its Lagrange function, and let 

      Then 

a) A sufficient condition for    to be an optimal solution to      is the existence of the 

vector Lagrange multiplier      such that         is a saddle point of the Lagrange 

function        i.e., a point where        attains its minimum as a function of     and 

attains its maximum as a function of      

                                    .                                                          (3.7)       

b)  If the problem      is convex and satisfies the Slater condition, then the above 

condition is necessary for optimality of   : if    is optimal for     , then there exists 

     such that         is a saddle point of the Lagrange function.  

Proof: a) Assume that for a given      there exists      such that (3.7) is satisfied and 

let us prove    is optimal for     . If     is feasible: indeed, if     
    , for some i, then 

                 (look what happens when all u’s, except    are fixed, and     

     But                  is 

forbidden by the second inequality in (3.7). Since    is feasible,  

                  
  , and we conclude from the second inequality in  

(3.7),              
  .Now the first inequality in (3.7) reads 

  (x) +    
        

       
          

This inequality immediately implies that    is optimal: indeed, if x is feasible for     , 

then the left hand side in the latter inequality is      
   (recall that        and the 

inequality implies that   (x)      
    

b) Assume that      is a convex program,    is its optimal solution and the problem 

satisfies the Slater condition; we should prove that there exists      such that         is 

a saddle point of the Lagrange function, i.e. (3.7) is satisfied. As we know the dual problem 

has a solution      and the optimal value of the dual problem is equal to the optimal 

value in the primal one, i.e. 

    
                                                                                                        (3.8) 

We immediately conclude that  
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This is called complementary slackness: positive Lagrange multipliers can be associated 

only with active (satisfied at    as equalities) constraints. Indeed, from (3.8) it for sure 

follows that 

  (  )             (  )+    
     

   
   ,  

the terms   
     

   in the right hand side are non positive (since    is feasible for      , 

and the sum itself is non negative due to our inequality; it is possible if and only if all the 

terms in the sum are zero, and this is exactly the complementary slackness. From the compl

ementary slackness we immediately conclude that  

  (  )          , so that (3.8) results in 

           (  )                

On the other hand, since    is feasible for       we have             (  ) whenever 

   . Combining our observations, we conclude that 

                                     

Example 3.6. Consider the following primal problem. 

Minimize:    
    

  

Subject to                           

Note that the optimal solutions occurs at the point      ) = ( 
 

  
, 

 

  
) whose objective value is 

equal to  
 

  
. Letting                and                      the dual function 

is given by:            
    

                       

        
          

                  

                                        
                    

               

Now the infimum are occurred at       
 

  
        and                  

Hence       
 

 

 
                

                            
  

Now consider the term    
 

 
   is concave function and its maximum occurs over    , 

                             
 

  
 

Therefore the optimal and dual values are both equal to 
 

  
.i.e.   

      
 

  
  

Thus    
         there is no duality gap. 



26 

 

 

3.4. Applications of Convex Programs 

A wide variety of practical applications for convex programming have already been 

discovered, and the list is steadily growing. Other fields where applications for convex 

optimization are : 

 civil engineering  

 data mining, 

 Economics and finance e.g. cost minimization.  

 Enhancement of existing applications for linear programming, etc. 

The optimization of convex programs has been studied for about a century, several 

related recent developments have stimulated new interest ideas in the topic. The first is 

the recognition that feasible point methods, developed to solve linear programming 

problems, can be used to solve convex optimization problems as well. We believe that 

many other applications of convex optimization are still waiting to be discovered.  

There are also great advantages to recognizing or formulating a problem as a convex 

programs problem. The most basic advantage is that the problem can be solved, very 

reliably and efficiently using the feasible point methods. The dual problem, for 

example, often has an interesting interpretation in terms of the original problem, and 

sometimes leads to an efficient method for solving it. 

Example 3.7. Consider Figure 2. The Spring under compression and Mass at horizontal 

position x, equilibrium at x = 2.   

Minimize      
 

 
       

Subject to x  . 

                                            

Figure 2. Spring under compression 

Solution :The Lagrangian is L(x,   
 

 
       +                                              (3.9)    

inf              
 

 
                     

If      dual optimal and x is primal optimal , then           that is  
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Then we have  the minimum value of L(x,u) at   
    

 
,                                              (3.10)    

Substitute (3.10) into (3.9)         
  

  
 

Therefore the dual problem is max:            
  

  
  

                                                             subject to     

So at    , and Substitute     in to (3.10) implies    
    

 
   

i.e.   
 

 
  where k is constant and we can interpret u as a force.   

Example 3.8. Water-filling. We consider the convex optimization problem 

Minimize             
 
    

Subject to      

                    

where     . This problem arises in information theory, in allocating power to a 

set of n communication channels. The variable    represents the transmitter power 

allocated to the     channel and log(      ) gives the capacity or communication 

rate of the channel, so the problem is to allocate a total power of one to the channels, 

in order to maximize the total communication rate. 

Solution: Introducing Lagrange multipliers       for the inequality constraints 

     and a multiplier      for the equality constraint      , we obtain the 

KKT conditions. 

    ,          ,            
   

            

  

      
  

   
              . 

We can directly solve these equations to find            . We start by noting that    

acts as a slack variable in the last equation, so it can be eliminated, leaving 

    ,          ,    
     

 

      
  
            

   
 

      
  

           

If     
 

  
, this last condition can only hold if   

     which by the third condition 

implies that      
 

      
  

 . Solving for   
   we conclude that   

  
 

      

if    
 

  
.  If    

 

  
    then   

     is impossible, because it would imply 
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   which violates the complementary slackness condition. 

Therefore,   
    if      

 

  
. Thus we have 

  
  

 
 

 
 

  
         

  
 

  

                    
 

  

  

Or put more simply,   
         

 

          Substituting this expression for   
  

into the condition        we obtain         
 

          
   .  

The left hand side is a piecewise-linear increasing function of 
 

      with breakpoints 

at     , so the equation has a unique solution which is readily determined. 

This solution method is called water-filling for the following reason. We think of      

as the ground level above patch i, and then flood the region with water to a 

depth 
 

 
 , as illustrated in Figure 3. The total amount of water used is then 

        
 

         
     We then increase the flood level until we have used a total 

amount of water equal to one. The depth of water above patch i is then the optima 

value   
 . 

 

Figure 3.  Illustration of water-filling algorithm. 

The height of each patch is given by    .The region is flooded to a level 
 

   which uses 

a total quantity of water equal to one. The height of the water (shown shaded ) above 

each patch is the optimal value of   
 . 
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4. SUMMARY 

The main purpose of this seminar work is to optimize the convex optimization problems 

using the necessary and sufficient conditions for both constrained and unconstrained 

convex problems. 

Convex Optimization Problems: 

The general form of convex optimization problems             

                

Subject to   (x) ≤ 0, for all  i =1,...,m                     

        
        , for all i = 1,...,p                                      

has the following three special conditions: the objective function   is convex function, 

the function defining the inequality constraints   (x), i = 1,...,m, are convex functions, 

and the functions defining the equality constraints         
          i=1,...,p are 

affine functions. 

The feasible set of a convex optimization problem is non empty convex. 

The intersection of the domain of the problem which is a convex. i.e.  

                                 

 

   

 

Optimality Conditions for unconstrained Convex Problems 

Consider the unconstrained problem: 

                where the objective function     
    is convex function. 

 First-order necessary conditions: 

If    is a local minimizer, then it is easy to guess that the slope at this point must be 

zero, that is,      
      A point    satisfies this condition is called stationary point.  

Second order necessary conditions: 

If     is a local minimizer, then it is stationary and the curvature at 

this point must be nonnegative, that is,       
    . 

Second order sufficient conditions: 

If    is a point satisfying      
    ,       

    , then   is a strictly local 

minimizer of      
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Generally for a stationary point    

       
                 

       
                

       
                              

Optimality Conditions for constrained Convex Problems 

KKT conditions for convex problems  

If    are convex and    are affine           are any points that satisfy the KKT conditions. 

                                                                  
             

                                                                  
             

                                                                      
   ,         

                                                           
     

             

      
       

      
   

       
      

   
      

 then     and (       ) are primal and dual optimal, with zero duality gap. 

To see this, note that the first two conditions state that    is primal feasible. 

Since   
   , L(        ) is convex in x; the last KKT condition states that its 

gradient with respect to x vanishes at x =     so it follows that    minimizes L(        ) 

over x. From this we conclude that, 

                           

                       
        

     
   

       
     

   
    

                      
   

where in the last line we use     
     and   

     
    . This shows that     and 

          have zero duality gap, and they are primal and dual optimal respectively. In any 

points that satisfy the KKT conditions are primal and dual optimal, and have zero duality 

gap. If a convex optimization problem with differentiable objective and constraint 

functions satisfies Slater’s condition, then the KKT conditions provide necessary 

and sufficient conditions for optimality: Slater’s condition implies that the optimal 

duality gap is zero and the dual optimum is attained, so x is optimal if and only if 

there are (   ) that, together with x, satisfy the KKT conditions. 

The KKT conditions play an important role in optimization. In a few special 
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cases it is possible to solve the KKT conditions analytically. More generally, many 

algorithms for convex optimization are conceived as, or can be interpreted as, methods for 

solving the KKT conditions 

Dual Problem: Obtained by forming the Lagrangian using non negative Lagrange 

multipliers to add the constraints to the objective function, and then solving for some 

primal variable values that minimize the Lagrangian. The Lagrange function  

            (x) +          
            

 
    where           the Lagrange's  

multipliers. 

 Lagrange Dual function: 

  :        : given by                               
            

 
    , then 

the subsequent Dual Problem is  

               

subject to                                                                                                                                                                                                                                                                                                                   

Duality Gap: The duality gap is the difference between the values of any primal solutions 

and any dual solutions.i.e.   
           

Weak duality: The dual optimal, which we denote     is the best lower bound on the 

primal optimal   
 
. In particular, we have the simple but important inequality    ≤   

 
                                                                                     

which holds even if the original problem is not convex.  

Strong Duality: When the optimal duality gap is zero ( i.e.   
       ), then we say 

that strong duality holds.  

Generally this work asses the applications of convex optimization in sample areas like 

water-filling algorithm and Spring under compression. 
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