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BERRY'S PHASES IN QUANTUM MECHANICS AND ITS 

APPLICATIONS 

ABSTRACT 

The aim of this project is to explain Aharonov-Bohm effect and to study the spin-half particle 

using Berry phase. If we consider Quantum Hamiltonian with external magnetic field that 

varies in time, we can solve the time dependent shcr�̈dinger equation for arbitrary nth 

stationary state of the Hamiltonian. If we assume that the final change of parameters will be 

done very slowly (adiabatically), in the adiabatic theorem we say forever in the nth stationary 

state if we started in it. This state is given up to a phase factor. If we choose this factor and 

then change external parameter cyclically return after a long time to the initial value the state 

gets an extra phase consisting of the well known dynamical phase and a new geometrical 

phase that is Berry's phase. Berry's phase often appears in quantum two-level system such as 

spin half  particle in a rotating magnetic field, as the magnetic field is slowly evolved through 

a closed path the particle has been shown to acquire an additional phase called Berry's phase. 

Finally one of the manifestations of Berry's phase is Aharonov Bohm effect. The Aharonov 

Bohm effect demonstrates that the wave function of a quantum particle traveling close to a 

solenoid experiences a phase shift even if the magnetic field is zero outside the solenoid. This 

is due to the non–vanishing vector potential that exists ever where the magnetic field is zero.   

Key words: Aharonov-Bohm effect, Berry's phase, spin, Berry curvature, Berry connection, 

Dynamical phase, Geometrical Phase.           
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1. INTRODUCTION 

Quantum mechanics is essential to understand, to explain, formulate, describe and compute the 

behavior of the systems at atomic and sub-atomic scale. Its foundation was laid in the first half 

of the twentieth century by Planck, Einstein, Bohr, de Broglie, Schrodinger and Heisenberg, 

and then developed further by Pauli, Born, Dirac, Feynman etc. 

 In the Schrodinger formulation of quantum mechanics, the wave function of a system plays 

the most crucial role. Multiplication of this wave function by a complex phase factor does not 

change the physics of the system, since physical properties involve modulus square of the 

wave function. In the Heisenberg formulation of quantum mechanics, the equation of motion 

tells us the variation of an operator with time. 

An important approximation in the quantum mechanics is the adiabatic approximation first 

developed by Born and Fock in 1928 (Bransden and Joachin, 1989). This approximation is 

often called the adiabatic theorem. According to this theorem, if the Hamiltonian of a physical 

system changes very slowly with time, the system which is initially (at t = ��) in a discrete 

non-degenerate quantum state ��(��) with energy ��(��), is most likely to go over to the 

corresponding state ��(t) with energy ��(�) at time t, with out making any transition. 

In the adiabatic approximation, it is assumed that the phase of the eigen functions describing 

the system are arbitrary at each instant of time. However, in 1984, M.V. Berry (Berry, 1984) 

proved that in a cyclic system in which the Hamiltonian at time �� is the same at time��, there 

is a relative change in phase between ��(��) and ��(��) which cannot be removed by phase 

transformation and which has observable consequences. 

Phases can be of different origins. They can be dynamical when they depend on the speed of 

the evolution of the quantum system, or geometric when they depend on the geometry of state 

space (Aharonov and Anandan, 1987). They can also be of topological origin when they 

depend on the topological structure of the configuration space (Aharonov and Bohm, 1959). 

When a system evolves in time it is described by the time dependent Schr�̈dinger equation. 
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The solution of this differential equation is given by a phase factor times the initial state. This 

phase factor is called the dynamical one, because it comes from the dynamics of the system. 

But also other additional phase factors can occur. The total phase a system gains during its 

evolution is a sum of the dynamical and the geometrical phase. A particular feature of the 

adiabatic theorem, overlooked for decades, was revealed by Berry (Berry, 1984). When he 

attracted attention to the uninvestigated non-dynamical phase factor, which he named the 

geometric phase in his pioneering work (Moody et.al., 1989). 

If we consider a system whose parameters are varied adiabatically and ultimately returned to 

their initial values, the system acquires a phase factor during time (T). The final position 

differs from the original by the angle � in the plane, which can be the sum of dynamic phase 

(��) and geometric phase (��). The first angle (phase) �� arises due to the angular velocity and 

the second angle (phase) �� arises due to parallel transport on the curved area. Therefore the 

former can be “dynamic phase” and the later “geometric phase” or Berry phase. 

Geometrical phases arise due to a phenomenon which can be described roughly as “global 

change without local change”. This can be easily shown with a vector which marks a direction 

from the North Pole, pointing in the direction of a certain meridian, and moving the vector 

keeping it always parallel to its initial direction down the meridian until it reaches the equator, 

and moving it parallel along the equator till another meridian which keeps an angle θ with the 

original one, the vector being taken back to the North Pole along the new meridian again 

keeping it always parallel. On reaching the North Pole, it will be discovered that the vector 

points not in the same direction as before. It has turned around an angle θ. This phenomenon 

which is called a holonomy was already known to Gauss and can be described by the so called 

Hannay angles (Hannay, 1985). It arises due to parallel transport of a vector on a curved area. 

The rotation of Foucault’s pendulum can also be explained by such a holonomy, Foucault 

pendulum is a classical analogy used to develop the notion of an adiabatic transport and is a 

pendulum whose support is moved about a loop on the surface of the Earth to return it to its 

exact initial state or one parallel to it, for the process to be adiabatic the support must move 

slow and steady along its path and the of oscillation for the pendulum must be smaller than 

that of the Earth  (Griffiths, 2005). 
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Berry phase depends on the nature of solutions and their dependence on parameters, such as 

shape of potential, position in the external field. Such positions or shape can return to their 

original configuration but still the phase may persist. This means the vector in curved surface 

may not return to its original configuration after a cyclic evolution in parameter space. 

Aharonov–Bohm effect is a quantum mechanical phenomenon in which the phase of a charged 

particle is affected by the vector potential of an electromagnetic field even when both the 

magnetic field and electric field vanish on the trajectory of the particle (Enbang et al., 2014). 

A natural place to find the Berry phase is in a spin system which arises in a spin half particle 

in a magnetic field. As the magnetic field is adiabatically varied, so does the Hamiltonian 

these results in the spin following the magnetic field direction. When the magnetic field 

returns to its initial position the spin state acquires the usual dynamical phase and extra phase 

that depends on the geometry of the actual phase taken (Shindou and Nagaosa., 2001). 

The Berry's phase, although well-known since 1984, has received little attention in solid state 

physics. We attempt to address this lack by showing how the presence of the Berry's phase 

significantly changes a standard concept effective mass found in solid state texts (Qiang et al., 

2014).  

In this project we are going to review the expression for the Berry phase and apply it to study 

some interesting physical phenomena. 

The general objective is, therefore: 

 To review the theory of Berry phase and study its applications. 

The specific objectives are  

 To explain the Aharonov-Bohm effect using the Berry phase. 

 To study the behavior of a spin-1/2 particle in adiabatically rotating magnetic field. 

 To apply Berry's phase to the effective mass of Bloch electrons in a crystal. 
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2. LITERATURE REVIEW 

2.1. Adiabatic approximation 

An important approximation in the quantum mechanics is the adiabatic approximation first 

developed by Born and Fock in 1928 (Bransden and Joacchin, 1989). This approximation is 

often called the adiabatic theorem. 

Adiabatic theorem; is one of the most important and widely studied theorem in quantum 

mechanics. In the adiabatic approximation, it is assumed that the phases of the eigenfunctions 

describing the system are arbitrary at each instant of time. However, in1984, M.V. Berry 

(Berry, 1984) proved that in a cyclic system in which the Hamiltonian at time �� =��, there is a 

relative change in phase between ��(��) and��(��) which cannot removed by phase 

transformation and which has observable consequences. 

A complete theory for adiabatic evolution of quantum system rests on three pillars. First, the 

adiabatic theorem dictates that the probability on each instantaneous eigenstate (non 

degenerate) remains constant when the external condition, described by a set of control 

parameters, changes slowly in time (Messiah, 2000). Second, besides the usual dynamical 

phase, given by the time integral of the eigenenergys the phase of an evolving eigenstate has a 

geometric part called Berry phase, which depends on the geometric path in the parameter 

space. Third, the linearity of the Schrodinger equation allows one to write the evolution of an 

arbitrary state as a linear superposition of the eigenstates with amplitude whose magnitude and 

phases are as above (Anandan and Stodolsky., 1987). 

2.2.   Dynamical phase 

A spin vector that maintains its orientation relative to the curve will also be rotated by the 

same angle. This rotation the origin of which is purely geometrical changes the phase of the 

spin wave function because of the axis of rotation is along the spin vector at each instant  the 

spin also under goes a larmor precession with frequency ��. Accumulation of these rotation 
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leads to an additional phase change called the dynamical owing to the dynamical interaction 

between magnetic field and the magnitude of the magnetic moment (Berry, 1984). 

                   ��= −
�

ℏ
 ∫ ��

�

�
(t') dt'                                                                                            (2.1) 

where  �� is dynamical phase and �� is eigenenergy. 

 2.3. Geometric Phase and Berry's phase 

 

The concept of geometric phase was introduced by Pancharatnam (Pancharatnam, 1956) in his 

study of interference effect of polarized light waves. However, it was Berry (Berry, 1984) who 

first realized that the geometric phase is a generic feature of quantum mechanics. 

Berry’s phase is a special case of the geometric phase, which arises when the Hamiltonian of a 

system evolves adiabatically with time. The adiabatic theorem may be stated as follows given 

a Hamiltonian Hi with a discrete, non-degenerate spectrum of eigenenergies, suppose that it 

evolves adiabatically to some final formH�, if the system was initially in the nth eigenstate �� 

of the original Hamiltonian Hi, then it will be carried to the nth eigenstate of the new 

Hamiltonian H� just picking up two phase factors: 

                                   ��(�) = ����(�)����(�) ��(�)                                                              (2.2) 

                                 ��(�) = -
�

ℏ
∫ ��(��)����

�
                                                                          (2.3) 

Where��(�)  is the dynamical phase in the usual phase factor that carries the time dependence 

in the Schrödinger picture, and   

                           Υ�(�) =   i∫ < ��(���

�
)|

�

���
��(��) > dt                                                       (2.4) 

And Υ�(�)  is called the geometric phase.  
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 Berry considered the case in which the Hamiltonian evolves adiabatically and eventually 

returns to its original form, we express the time-dependence of the Hamiltonian in terms of 

some parameters R�(t),R�(t) … … … ,R� (t), which we list as a vector R��⃗ (t); then H = H(R��⃗ ). 

Berry showed that if the Hamiltonian returned to its original form in time T, then the system 

would acquire a net geometric phase 

                           ��(�) = � ∮ < ��|∇��� >  .����⃗                                                                (2.5) 

 Where ∇��⃗  is the gradient in parameter space. This is known as Berry’s phase, and is a 

manifestation of the anholonomy of the system  

Geometric phase depends on the shape of the curve "c" under the restriction that the 

instaneous eigenvectors are single -valued in parametric space (Garcia et al, 1998). 

When a quantum system under goes a cyclic evolution where final and initial states are 

identical it acquires a kind of memory of this evolution in terms of the called geometric phase 

of the wave function. This geometric phase has observable consequences, this idea was 

anticipated by Pancharatnam (Pancharatnam, 1956), But fully noted by Michal Berry only 

(Berry, 1984).  It is therefore widely known as the Berry phase (Berry, 1990; Anandan, 1992). 

 The integrand appearing in the definition of the Berry phase is called Berry connection. 

 ��(�) =  i<��,��⃗ |∇��⃗ ��⃗ ,����⃗ > 

Berry connection -   is a real quantity 

                              It is not gauge invariant 

Not observable, nevertheless this quantity is relevant for describing the physics, just analogy 

to the vector potential in the Aharonov- Bohm effect (Zen, 2005). 

Berry curvature Ω�(�)  = ∇��⃗ x��(�)  the so called Berry curvature and is gauge invariant and 

in principle observable. 

 

2.4. The Aharonov-Bohm effect 

Aharonov-Bohm effect is a quantum mechanical phenomenon in which an electrical charged 

particle is affected by the electromagnetic interaction in the region where both electric field 
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and magnetic field are zero. Any discussion on Berry phase is incomplete without a 

description of Aharonov –Bohm effect from this point of view; it was chosen by the new 

scientist magazine as one of the “seven wonders of the quantum world". 

Consider the following idealized experiment. Take two slits electron interference set up and 

put a solenoid between the two slits.

 

 

 Figure1.The Aharonov-Bohm effect: electron beam splits with half passing either side of 

along solenoid. 

The solenoid is thin, densely wound and very long, so the magnetic field outside the solenoid 

is zero. Inside the solenoid there is strong magnetic field, but the electrons do not go there 

instead, they fly outside the solenoid along path 1 and 2. But despite ��⃗  = 0 along both paths, 

the magnetic flux ϕ inside the solenoid affects the interference pattern between the two paths. 

This effect is known as Aharonov–Bohm Effect it was first discovered theoretically by David 

Bohm and Yakir Aharonov (Bohm and Aharonov, 1959) and then confirmed experimentally 

by (Chambers, 1960).                  

2.5. A Spin one half particle in a rotating magnetic field 

Berry phase which is acquired through adiabatic variation of the Hamiltonian through a closed 

path, a common example of a physical system where Berry phase arises is a spin one half 

particle rotating in a magnetic field. As the magnetic field adiabatically varied, so are the 
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Hamiltonian .This results in the spin following the magnetic field direction, when the magnetic 

field returns to its initial position the spin state acquires the usual dynamical phase and an 

extra phase called Berry phase that depends on the geometry of the actual path taken (Berry, 

1984). This spin one-half particle is moving in an external magnetic field ��⃗  which rotates 

adiabatically (slowly) at an angle θ around z-axis as it is depicted in Fig.2.

 

  Figure 2: Spin �

�
 particle in a rotating magnetic field   

The concept of the Berry phase can be illustrated most easily by means of spin one half 

particles in a magnetic field. This is also seen electron (Hasegawa and Badurek, 2001). The 

spin of electron follows adiabatic variation of a magnetic field, if the spin is initially aligned 

with the magnetic field and the field direction traces out a closed loop, the final and initial 

state will be equivalent up to a phase factor, simply solving the time dependent Schr�̈dinger 

equation and neglecting non adiabatic terms leads to two complementary contributions to the 

final phase factor, a geometric part ��and a dynamical part��. The later depends on the 

evolution time where as the former depends only on the path traced out by the magnetic field 

vector. It is proportional to the surface area of the path enclosed by the state in state space. 

   �� = ∫ < ��
�(�)

��
|∇�|�� > d�R��⃗                                                                                           (2.6) 

     �� =  −
�

ℏ
∫ �(�′

�

�
)��'       
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       2.6. Other applications of Berry phase 

By modification of traditional definition of inverse effective mass tensor ��� and the 

cyclotron effective mass �∗ through analysis of de Haas –Van Alphen frequency spectra that 

the band energy surface is often mapped (Kono, 1999). 

 Since any crystal lacks inversion symmetry or time–reversal symmetry can be expected to 

have non zero Berry curvature the expected the geometric phase is important in the cyclotron 

resonance of the system (Zak, 1989). 

  2.6.1. Semiclassical equation of motion 

 Taking geometric phase in to account, the semi classical equation of motion for Bloch 

electron are (Sundram and Niu., 1999).  

                     �̇= 
�

ℏ
 

                   � ̇ =
� 

ℏ

�ℇ�(�)

��
 – � ̇ � Ω(�)                                                                                        (2.7) 

where  �̇ is the electron velocity, �̇ is the wave vector, ��(�) is the band structure(m in the 

subcript indicating that �(�) has been modified by the presence of a magnetic field) and F is 

the net force on the Bloch electron .The quantity of Bloch state |k>.  

     Ω(�)  = i<∇���| ×  |∇��� >                                                                                             (2.8)                                     

Where �� �� the periodic part of Bloch function. 

The presence of Ω(�)  in the EOM has many applications in Newton's second law in deriving 

a new inverse effective mass tensor. 

Cyclotron effective mass (�∗) is the effective mass of Bloch electrons will be affected by the 

presence of a non zero Berry curvature Ω(�), any charged particle of mass m, when placed in 
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a magnetic field under goes cyclotron motion with an angular frequency (Ashcroft and 

Mermin, 1976). 

         �� =
��

��
                                                                                                                         (2.9) 

For Bloch system entire crystal is placed in magnetic field the expectation is that Bloch 

electron with a presumed effective mass undergoes similar cyclotron motion such a crystal is 

exposed to a time-varying electric field with �.  when � = �� there is a resonance, the Bloch 

electrons absorbs energy directly from the electric field by changing � (Holt and 

Haskell.,1965). 

Motion in a uniform magnetic field - when a Bloch electron is in the presence of external 

magnetic field the Ω(�) modified equation of motion (2.7) prescribe k space orbits that are 

qualitatively the same as the  Ω(k )= 0 case.  

           �̇ =
��

ℏ�
 

[
�

ℏ

�ℇ�(�)

��
 ��]

[��
�

ℏ�
(�.Ω(�)]

                                                                                                      (2.10) 

The presence of Ω(k) does not change the direction of �̇, but only its magnitude  

The time it takes to go from k� to k� is  ∆(t) =∫ dk|k̇|����

��
   and                                                 

∆(t)      =
ℏ��

|�|
  

��

�ℇ�
+  I                                  

  A� is the area swept out from k� to k� on the ε� surface. 

                   m∗  =
ℏ�

��

��

���
+

�|�|

���
 I                                                                                            (2.11)  

where �∗  is cyclotron effective mass and depends on the ��⃗ . This ��⃗  dependence comes in two 

ways the band structure it self has been modified by the presence of magnetic field, so 

thatℰ → ℰ� Additionally there is a correction term that depends explicitly up on B and Ω(k). 
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 Berry curvature modified Bloch electron in semi classical EOM imply that acceleration 

is not directly proportional to the external force. 

 The cyclotron effective mass will be a magnetic field dependent in all system for 

which the Berry curvature is not zero. This presumably will affect cyclotron resonance 

experiment in which �∗ is used to find the ���. 

2.6.2. Optical polarization rotation using Berry's phase 

Berry's phase is a quantum mechanical phenomenon that may be observed at the macroscopic 

optical level through the use of an enormous number of photons in a single coherent state. A 

direct macroscopic measurement of Berry's phase may be obtained through an observation of 

the polarization rotation of plane – polarized light when it is transported along a closed path in 

momentum space. Few experiments on the manifestations of Berry's phase for photons have 

been reported, and those that have been can be divided into those that use optical fiber and 

those that use discrete optical components. The angle of the rotation of the polarized light does 

not come from a local elasto-optic effect caused by torsional stress and the effect is 

independent of detailed material properties. The rotation angle arises only from the overall 

geometry of the path taken by the light and it is global topological effect (Qiang et al., 2014). 

 Quantum tunnelling is a common fundamental quantum-mechanical phenomenon that 

originates from the wave-like characteristics of quantum particles.  A charged quantum 

tunnelling particle should be affected by the vector potential of a magnetic field during 

quantum tunnelling, thus the Aharonov Bohm effect should occur for a tunnelling particle and 

is an example of the dynamic tunnelling particle. 

Aquantum tunnelling rotor that consists of three ions and has a two dimensional structure that 

cooled near the motional ground state in a linear Paul trap. This rotor two stable orientations 

and can transit from one to another through a quantum tunnelling, because of the 

controllability and simplicity of the trapped ion system, this quantum tunnelling rotor may 

offer a novel approach to understand the tunnelling dynamics and we were successful in 

observing the Ahaonov –Bohm effect of the tunnelling particle using this system. The 

Aharonov–Bohm effect occur in tunnelling rotor in a magnetic field because the dynamic of 
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the tunnelling rotor are governed by the quantum interference of two directional rotation and 

this tunnelling rotor and the wave function of the ion gain a phase that it proportional to the 

homogenous magnetic field and the area of the closed loop drawn by the path of the ions of 

the quantum-tunnelling rotor. Because of the strong radial confinement of each ion this closed 

loop corresponds to the potential valley. Figure 3 

The wave function of the quantum-tunnelling rotor can be expressed as  

ψ��(t+ Δt)  = ψ��(t) + i(j� + J�)Δtψ����(t)                                                           (2.12) 

where ���,����(�) is the wave function of the quantum tunnelling rotor orientation  

Δ� is short time interval and J�(J�) complex amplitude of the tunnelling rotor  for the clock 

wise and anti clock wise rotation(Atsushi et al.,2014). 

  

 Figure.3 .Potential valley 
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3. MATHEMATICAL METHODOLOGY 

In this section, we briefly present the mathematical methods to be used: 

3.1. Adiabatic approximation and Schrodinger equations 

Adiabatic approximation is an approximation in which the key parameter the rate of change of 

the Hamiltonian H of the system and the Hamiltonian H varies slowly with time; we then 

expect that approximate solution of the TDSE 

                            iℏ
�

��
ψ(x, t) = H ψ(x,t)                                                                             (2.1) 

If the Hamiltonian is time-dependent, then so are the eigenfunctions and eigenvalues:  

          H (t)��(�)  = ��(�)��(�)                                                                                           (3. 2) 

  However, at any particular instant, they still constitute a complete, orthonormal set so 

<��(�)|��(�) >  = ���  and the general solution to the TDSE can be expressed as a linear 

combination of them: 

              �� (�)= ∑���(�)��(�) ����(�)                                                                                 (3.3) 

       � ′
�(�) =  −�� < ��|�̇� >  − Σ���

���|
��

��
|���

�����
��(�����)                                          (3.4) 

We can apply the adiabatic approximation which is simply to assume that 
��

��
 is very small and 

drop off the last term (3.4) completely and we are left with just 

     c′
�(t) = −c� < ψ�|ψ̇� >  This has the solution  

         ��(�)    =     ��(0)����(�)                                                                                              (3.5) 



14 
 

 
 

Where ��(�) ≡ � ∫ < ��(�′
�

�
)|�̇�(�′)>dt' 

 Therefore, if ��(0) =   1, and ��= 0 (m ≠ n), then the particle remains in the nth eigenstate of 

the time-evolving Hamiltonian, only picking up phase factors along the way and (3.3) is: 

�(x, t) = [exp (- 
�

ℏ
∫ ����

��
��(��)������(�)] |n(��⃗ (t)>                                                               (3. 6) 

The first phase factor is the dynamic phase and the second is geometric phase or Berry's phase. 

The derivation of Berry phase in a closed path is determined by substituting (3.6) into (3.1) 

and is given by  

                ��(�)  = i∮ < ��|∇��⃗ �� > d��⃗                                                                              (3.7) 

Where ∇��⃗  is the gradient in parameter space. 

 

3.2. Hamiltonian and eigenfunction of spin one half particles. 

The Berry phase is a very useful in describing the behavior of Spin one half particles in a 

rotating magnetic field. 

By considering the Hamiltonian of spin one half particle in rotating magnetic fields and the 

time dependent Schr�̈dinger equation for spin one half particle we can determine the Berry 

phase. The Hamiltonian for this spin one half particle has the form; 

                           H =��.�                                                                                             (2.8)   

Where,  �  is a Pauli Matrices and B is a magnetic field  

   The time dependent Schrodinger equation                                                                           
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                    iℏ
�Ψ

��
 = HΨ                                                                                                          (3.9)                      

 The two solutions of (2.8) are, 

               �↑(�) = �↑exp (-i��/2),     

               �↓(t) = �↓exp (i��/2)                                                                                             (3.10) 

The Spinor �↑ ��� �↓ are the eigenfunction of the component of the spin �� in (�,�) ,
ℏ

�
 and -

 
  ℏ

� 
 .are the eigenvalues respectively.  

�↑ =�
cos �

�

sin �

�
���

�,   �↓ = �
sin �

�

−cos � 

�
���

�                                                                                      (3.11) 

�↑ = �̇ ∫ < �↑
�

�
(�,�(�′)|

�

��′
 �↑(�,�(�′))��′                                                                           (3.12) 

The phase �↑ is an observable and can be measured (Bransden and Joachain, 1989). 

3.3. Stoke's Theorem 

Stoke's theorem–relates a surface integral S to a line integral c, which encloses the surface S.                                                                 

If �⃗ any vector functions then, according to Stoke's theorem, we have 

   ∫
�
(∇��⃗ ��⃗).d�⃗    =∮

�
�⃗.d�⃗                                                                                                      (3.13) 

3.4. Effective Mass Tensor 

  The motion of an electron in an external field a useful concept is that an effective mass which 

can be expressed as follows. The acceleration of an electron is  
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                    a = 
���

��
   =  

�

ℏ
  �

���(�′)

��′�
�

���′

��

��
         

                                                                                                                                       (3.14)                                                                                                                     

=     
�

ℏ�
�

�����′�

��′�
�

���′
(−��)              

for a free electron moving in a field E  

                              ma = -Ee         

     it is natural to write  (3.14) 

                               �∗a= -eE 

                         �∗ = ℏ� �
�����′�

��′�
�

���′

��

                                                                            (3.15)     

 Where �∗ is the effective mass (Bransden and Joachin., 1989). 
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4. MATHEMATICAL CALCULATIONS AND RESULTS 

In this section we first derive the general expression and characteristics of Berry's phase. We 

then explain Aharonov Bohm effect and the behavior of spin ½ particles in a rotating magnetic 

field and using Berry's phase and also we explain theoretical and experimental results of 

effective mass of Bloch electrons in crystal, Aharonov- Bohm effect in tunneling of a quantum 

rotor in linear Paul trap and electrically tunable optical polarization rotation. 

4.1. The derivation of Berry's phase 

Consider a quantum mechanical system described by a Hamiltonian H. This Hamiltonian 

depends on an external parameter ��⃗ . Let an atom in external magnetic field ��⃗ . In this case the 

atomic Hamiltonian is a function of the component �� �� and ��.Assume the case of a cyclic 

process in time interval 0<t< �. Thus  

                        ��⃗  (0) = ��⃗ (T)                                                                                               (4.1.16) 

For the adiabatic case in the sense that T is large compared to the internal timescale of the 

system under consideration. The time dependent Schrödinger equation (TDSE) is the 

differential equation which determines the temporal evolution |ψ (t)> of the system 

                     H (��⃗ )|�(t)> = iℏ
�

��
|�(t)>                                                                            (4.1.17) 

The eigenstates |n (��⃗ (t))> of the Hamiltonian form a complete basis of the corresponding 

Hilbert space at every time t, these eigenstates obey the time independent Schrödinger 

equation (TISE) 

     H (��⃗ (t)) |n(��⃗ (t))> = �� (��⃗ (t)) |n(��⃗ (t))>                                                                       (4.1.18) 

 Where ��is the energy of the ��� eigenstate, to simplify the derivation, consider the system is 

initially prepared in some eigenstate at t= 0. The whole derivation can also be accomplished 
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with an initial superposition of eigenstates. Prepare the system at time t = 0 in some eigenstate 

of the system |ψ(t=0)>=|n(��⃗ (t=0))>. For a closed path C in parameter space when doing so 

adiabatically, implies that the instantaneous state at the time t, |ψ(t)>, is proportional to the 

instantaneous eigenstate |n(��⃗ (t))>. As an ansatz, two phases can be introduced as factors 

before the eigenket. 

      |ψ (t)> = [exp (−
�

ℏ
 ∫ ��′

�

�
��(��⃗ (�′) exp (i��(�)] |n (��⃗ (�)>                                     (4.1.19) 

The first of these factors is called the dynamical phase��and then, second phase factor is the 

object of interest it is called Berry’s phase��. 

It is calculated by substituting (4.1.19) into (4.1.17) The LHS then we get 

            LHS = H (��⃗ (t)) |ψ (t)>                                                                                           (4.1.20) 

= H (��⃗ (t)) exp (− 
�

ℏ
∫ ��′��

�

�
(��⃗ (t')) · exp (i��(�)|�(��⃗ (t)) >                                              (4.1.21) 

=En· exp (-
�

ℏ
∫ ��′

�

�
��(��⃗ (t')) · exp (i��(t)) |n(��⃗ (t))>                                                          (4.1.22) 

By virtue of the chain rule of differentiation, the RHS of (4.1.17) reads 

RHS = iℏ
�

��
[exp (- 

�

ℏ
∫ ��′�

�
��(�(�′))· exp (i��(�)|�(��⃗ (�) > ]                                        (4.1.23) 

 =��[exp �−
�

ℏ
∫ ��′�

�
�� ��(�′)� .exp����(�)�� |�(��⃗ (�) >                                                (4.1.24) 

-
���(�)

��
ℏ[���(-

�

ℏ
∫ ��′��(�(�′).exp (���(�)]

�

�
|n (��⃗ (�) >                                                    (4.1.25) 

+iℏ[exp(−
�

ℏ
∫ ��′��(�(�′))

�

�
.exp(i��(�)]

�

��
|n(��⃗ (t))>                                                         (4.1.26) 

Equating the LHS with RHS we obtain  
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���(�)

��
 ℏ[ exp(−

�

ℏ
∫ ��′�

�
��(�(�′)·exp (i��(�)]|n(��⃗ (�) >                                                   (4.1.27) 

   = ih[exp(−
�

ℏ
∫ �� ′�

�
��(�(�′) · exp (i��(�)

�

��
|�(��⃗ (�)> 

Multiplying by <n(��⃗ (�)| from the left and using the orthonormality of the instantaneous basis 

states, one concludes 

 ���(�)

��
     = i<n (��⃗ (�)|

�

��
(�(��⃗ (�) >                                                                                   (4.1.28) 

 �� = i∫ < �(��⃗ (�) �
�

��
� ����⃗ �(�)��

�

�
                                                                                  (4.1.29)  

To show ��  is a real quantity; we consider the normalization condition for the instantaneous 

eigenstates of H 

 <n (��⃗ (�)|�(��⃗ (�))> = 1             ∀� ∈ (0,�).                                                                     (4.1.30) 

By performing a derivation (4.1.30) with respect to time t, we get 

 
�

��
< � ���⃗ (�)� �� ���⃗ (�)� >  = 0 = <

�

��
� ���⃗ (�)�� �(��⃗ (�) > +< �(��⃗ (�))|

�

��
� ���⃗ (�)� >  

                                                    = (<n (��⃗ (�) �
�

��
� ���⃗ (�)� > � ∗ +<n (��⃗ (�)|

�

��
� ���⃗ (�)� >  

                                                    =2ℛ �(�< � ���⃗ (�)� �
�

��
� ���⃗ (�)� > � = 0                      (4.1.31) 

  Where*denotes complex conjugation. 

Thus <n (��⃗ (�)|
�

��
� ���⃗ (�)� > is purely imaginary                                                             

and               ��� ℝ .      From    (4.1.29) 
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And (4.1.29) can be rewritten in terms of a line integral along a closed path C in parameter 

space 

�� = i∫ < �(��⃗ (�)
�

�
|

�

��
�(��⃗ (�) > ��                                                                                 (4.1.32) 

 =∮
�
��(<n (��⃗ (�)�∇��⃗ ��⃗ �����⃗ (�) > ����⃗                                                                                (4.1.33) 

Stoke's theorem equates a closed loop line integral to an integral over the surface for which the 

closed loop is a boundary. Again this holds only for continuous vector field which are first 

order differentiable. The closed loop integral of a vector field A around a loop C is given by 

∮
�

�.��⃗  and Stoke's theorem states that this integral can be equated to the integral of the curl 

of A over the surface S bounded by C. 

 ∮
�

�.��⃗   = ∫
�

�∇��⃗  × ��.��⃗ 

 One can apply Stoke’s Theorem to transform the former line integral into a surface integral 

over the area enclosed by C 

  �� =  − ∫
�(�)

��⃗.|∇��⃗ ��⃗  x Im[<n(��⃗ (�)�∇��⃗ ��⃗ ��(��⃗ (�)) > ]]                                                       (4.1.34) 

  =− ∫
�(�)

d�⃗.��⃗ �(��⃗ )                                                                                                          (4.1.35) 

Where��⃗ �(��⃗ ) = ∇��⃗ ��⃗ × ��[< �(��⃗ (�)|∇��⃗ ��⃗ |�(��⃗ (�) >                                                                  (4.1.36) 

  The vector field can be rewritten as 

 ��⃗ �[��⃗ ] =Im<∇��⃗ ��⃗ ����⃗ �|×|∇��⃗ ����⃗ � >                                                                                   (4.1.37) 

And inserting a unity operator   

 1�  = ∑�|�(��⃗ ) >  ×< �(��⃗ )|           it gives 



21 
 

 
 

          ��⃗ �[��⃗ ]=Im ∑��� < ∇��⃗ �(��⃗ )|m�R��⃗ � > ×< ��R��⃗ �|∇��⃗ ����⃗ � >                                   (4.1.38) 

Application of ∇��⃗  to (4.1.18) and we have derivate (4.1.18) with respect to time   

  
�

��
 (H (��⃗ ) |n(��⃗ (t) >)=

�

��
(�� (��⃗ ) |n(��⃗ (�)>)                                                                        (4.1.39) 

 ∇��⃗ H |n( ��⃗ )>+ H( ��⃗ ) ∇��⃗  |n(��⃗ ) >= ∇��⃗  ��|n(��⃗ ) > + ��∇��⃗  |n(��⃗ ) >                                      (4.1.40) 

Multiplying by <m (��⃗ )| from left we obtain  

<m(��⃗ )| ∇��⃗ H |n( ��⃗ )> + <m (��⃗ )| H(��⃗ ) ∇��⃗  |n(��⃗ ) >= <m(��⃗ ) |∇��⃗  �� |n(��⃗ )> +<m(��⃗  )|��(��⃗ ) ∇��⃗ | n(��⃗ )>          (4.1.41) 

 <m (��⃗ )| ∇��⃗ H |n( ��⃗ )> + <m (��⃗ )| H(��⃗ ) ∇��⃗  |n(��⃗ )> = ∇��⃗  ����� + ��<m(��⃗ )|∇��⃗ |n(��⃗ )>     (4.1.42) 

 Since = ∇��⃗  ����� = 0     and we have 

<m (��⃗ )| ∇��⃗ H |n( ��⃗ )> = �� − ��<m (��⃗ )|∇��⃗ |n (��⃗ )>  

<m (��⃗ )|∇��⃗ |n(��⃗ )> =    
�� (��⃗ )| ∇

���⃗
�  |�( ��⃗ )� 

����� 
           m≠ �                                                    (4.1.43) 

It follows from (4.1.43) that the vector field ��⃗ ����⃗ � can be written in the following form 

 ��⃗ ����⃗ � =  ��∑���

��(��⃗  )|∇
���⃗

����⃗ �|�(��⃗ )�×�����⃗ ��∇
���⃗

����⃗ ������⃗ ��

(�����)�
                                          (4.1.44) 

The vector field in (4.1.44) diverges at the points of degeneracy in parameter space, thus the 

value of Berry’s phase strongly depends on where these points are localized in parameter 

space. 

 Let ��⃗  being an external magnetic field ��⃗  applied to a Spin S system. The Hamiltonian of this 

system can be written as (4.1.38)  
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 �(��⃗ ) =  −
�

ℏ
���.��⃗ ��⃗ (�)                                                                                                    (4.1.45) 

where � ���⃗  a vector with the Pauli matrices as entries, and g is the Landé factor. It follows that 

 ∇��⃗ ��⃗ ����⃗ � =  −
�

ℏ
���⃗                                                                                                        (4.1.46) 

An evaluation of the brackets in (4.1.44) reveals that the vector field ��⃗ �(��⃗ ) is parallel to the 

magnetic field vector the quantization axis for the spin S particle defines the z- direction at 

every time t in the frame of reference of the particle. This property makes it easy to calculate 

the geometric phase. For an evaluation of the brackets, the Pauli matrices �� and �� need to be 

rewritten in terms of ladder operators and the familiar properties of these operators need to be 

applied. Specifically, for a spin S system with a projection quantum number m = −S ..., +S, we 

get 

       ��⃗ �= �

0
0
�

���⃗ �
�

�                                                                                                                  (4.1.47) 

Or    ��⃗ �(�)) X= 0        ��⃗ �(�)) Y = 0      ��⃗ �(�)) Z =  
�

��
 

Then, Berry’s phase can be calculated according to (4.1.35) 

��= −m∫
�(�)

��⃗

|�|�����⃗ �
.���⃗                                                                                                          (4.1.48) 

       =−m∫
�(�)�Ω(�)  = - mΩ (C)                                                                                      (4.1.49) 

Where Ω(C) is the solid angle surrounded by the magnetic field vector on its way around C in 

parameter space. 

The most important properties of Berry’s phase are. 
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• The phase acquired after one rotation only depends on the projection of angular momentum 

on the quantization axis as well as the geometry of the magnetic field applied to the spin S 

system. The magnetic field vector describes the solid angle Ω in parameter space. 

• It is important to notice that (4.1.45) does not depend on the rotational speed of the magnetic 

field. As long as the magnetic field is changed slowly on a timescale of the system 

(adiabatically), Berry’s phase is always the same.  

4.2 Aharonov-Bohm Effect 

A charged particle responds classically when placed in an electromagnetic field. A charged 

particle responds quantum mechanically, however, to an electromagnetic field even without 

encountering an electromagnetic field. In 1959, Aharonov and Bohm discovered that a 

magnetic vector potential �⃗ affects the quantum behavior of a charged particle. When a 

charged particle travels in a region where the magnetic field ��⃗  equals zero, the charged 

particle responds to the magnetic vector potential �⃗ Aharonov and Bohm theorized a phase 

shift occurs in electron interference due to an electromagnetic field that is not in the region of 

the electron’s path. This phase shift is known as the Aharonov and Bohm (AB) effect.  

Aharonov and Bohm developed an experiment in which a single coherent electron beam splits 

into two parts, shown in Fig.4 Each part of the split beam travels through one of the two arms 

in the devised structure. In the experiment, an electron beam approaches a long solenoid, 

splits, and then recombines with a resulting beam phase shift 
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. 

Figure 4 Aharonov-Bohm effect (a).An electron beam enters the system from the left. 

When the beam realizes the vector potential�⃗, the beam splits in two. One split beam 

travels around the front of the solenoid, while the other travels behind. The vector potential 

due to a magnetic flux Φ through the solenoid allows for a phase difference upon beam 

recombination. (b) Schematic layout of an interferometer to demonstrate the AB effect. 

The wave vector of the electron passing through the ring is labeled as K. In Fig.4 (b) the top 

branch shows ���⃗  and �⃗ in opposite directions causing an increase in canonical momentum��⃗ . 

This result in the phase of the electron changing more rapidly than in the lower branch, the 

total mechanical momentum for the above AB-ring system gives the relations between these 

vectors, 

 ℏ���⃗  = ��⃗  + e�⃗.                                                                                                                   (4.2.50)  

Where e is the charge of the electron, in the lower branch ���⃗  and �⃗ is in the same direction, 

causing a reduction in ��⃗  and correspondingly a slower change in the phase shift of the 

electron. Thus, �⃗ induces a change in phase between the two paths even though the electrons 

do not pass through the magnetic field. 

 An ideal representation of the ABE requires a long solenoid carrying a steady current, which 

induces a uniform magnetic field inside the solenoid. To characterize the magnetic field inside 

the solenoid as a uniform magnetic field and to characterize the magnetic field outside the 

solenoid as zero, the solenoid must be long compared to its diameter. The beams are kept far 

enough away from the solenoid, allowing the beams to only encounter regions where the 

magnetic field equals zero. Outside the solenoid, the magnetic field equals zero but the vector 

potential is non-zero. 

       ��⃗  = ∇��⃗ ��⃗                                                                                                                     (4.2.51)  

      �⃗ = 
�

���
��, (r>a)        (4.2.52) 

where a is the radius of the solenoid, r  is the distance of the electron from the center of the 
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solenoid, �� is the direction of the magnetic flux around the solenoid, and Φ is the magnetic 

flux through the solenoid, given as,  

            Φ ≡ ∫
�
��⃗ .��⃗                                                                                                           (4.2.53) 

 Expressing the magnetic flux Φ in terms of the vector potential �⃗ (4.2.51),  

                    Φ =   ∫
�
(∇��⃗ ��⃗) . d�⃗                                                                                        (4.2.54) 

 By Stoke’s theorem the magnetic flux simplifies to, 

            Φ = ∮ �⃗ .��⃗                                                                                                            (4.2.55)  

For the solenoid, say of radius a, the magnetic flux Φ can now be expressed in terms of the 

magnetic field ��⃗ , (4.2.53), and also in terms of the vector potential �⃗ (4.2.55). 

         Φ =  ���� = 2���                                                                                             (4.2.56) 

 The magnetic flux determines the vector potential. In (4.2.56), the vector potential must be 

non-zero if the magnetic field is non-zero. If the vector potential is non-zero, then when the 

split beam recombines, the beams can recombine out of phase. The beams recombine out of 

phase by the factor. 

       � =  2π
�

��
.                                                                                                   (4.2.57)  

Where Φ� is the flux quantum.  

         Φ�=  
�

�
                                                                                                (4.2.58) 

  Up on recombination, the two parts of the split beam arrive with different phases,  

            =  
�

ℏ
∫ �⃗.��⃗   =  

��

��ℏ
∫(�

�
��). (r����) = ±

�Φ

�ℏ
                                                            (4.2.59)  
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Where the plus sign applies when the electrons travel in the same direction as the vector 

potential �⃗, or equivalently, when the electrons travel in the same direction as the steady 

current in the solenoid. The beams arrive out of phase by an amount proportional to the 

magnetic flux Φ their paths encircle, 

               Phase difference ∝  
�Φ

ℏ
                                                                                      (4.2.60) 

 In order to directly express (4.2.60) as the phase difference between the two beams, electron 

wave functions must be included in the analysis. The time dependent electron wave functions, 

at the upper and lower structure sites in Fig (b) are ψ
� 
� (�, t) and ��

�(�,�)                                                                       

With zero potential energy for the above wave functions, the electron beam wave function is a 

solution of the form  

                � = ��
��

����
ℏ + ��

��
����

ℏ                                                                                        (4.2.61) 

Where the components, �� and ��, of the phase factor, ��� are defined as,  

        �� = e∫ ����            and    �� = � ∫ ����                                                                 (4.2.62) 

 The interference between the electrons of the split beam passing through the upper and lower 

sites depends on the phase difference 

     Phase difference=  
�����

ℏ
                                                                 (4.2.63) 

 the electrons essentially travel a circular path, which can be thought of as a closed circuit. 

Expressing the above phase difference (4.2.63) in general terms as the integral around a closed 

circuit in space-time gives, 

        
�

ℏ
∮(φdt−

���⃗

�
 .d�⃗)                                                                                                        (4.2.64) 
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 Since the solenoid itself is uncharged, the scalar potential � is zero. Now, considering a path 

in space at time t = 0, the above integral (4.2.64) can then be expressed as, 

  
�����

ℏ
=  − 

�

�ℏ
∮ �⃗.��⃗                                                                                                       (4.2.65) 

The total magnetic flux inside the structure can still be expressed as, 

 Φ = ∫ ��⃗ .��⃗  =  ∮ �⃗.��⃗                                                                                                     (4.2.66)  

 Even though the magnetic field ��⃗  is zero outside the solenoid, the vector potential �⃗ is non-

zero everywhere outside the solenoid since the total magnetic flux through the circuit equals a 

constant magnetic flux. For an electron e, moving through this region the TDSE is, 

                 [
�

��
�

ℏ

�
∇ − ��⃗)� + �� � = �ℏ

��

��
                                                                      (4.2.67) 

 With a solution,  

        � =  �� + ��                                                                                                            (4.2.68) 

 Where �� =  ��
��

����
ℏ      ���     �� =   ��

��
����

ℏ                                                                 (4.2.69)  

Combining (4.2.62), (4.2.65) and (4.2.66), the phase difference in (4.2.57) can now directly be 

expressed as the phase difference between the two beams, 

             � =   
�����

ℏ
     = 

�

ℏ
 ∮ �⃗.���⃗    

          �  =  
�

ℏ
Φ = 2Π

�

ℏ
Φ =   2�

�

Φ�
                                                                                   (4.2.70)                                                                  

    Where again, the flux quantum, Φ 

          Φ� = 
�

�
                                                                                                                      (4.2.71) 
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Resulting in measureable interference, the phase difference � = 2�
�

��
 has been experimentally 

confirmed and validated (Chambers, 1960).  

4. 3. A spin ½ particles in a rotating magnetic field 

Consider a particle with spin in a slowly changing external magnetic field B. The Hamiltonian 

describing the system is given by  

               �� = −���⃗  · ��⃗                                                                                                         (4.3.72) 

Where, ���⃗  is the magnetic moment. For a particle with only spin angular momentum ���⃗  is 

equal to 

                 ���⃗  = 
��

���
�⃗                                                                                                          (4.3.73) 

Where � is the gyro magnetic constant (≈ 2 for an electron), q is electrons charge and S is the 

spin operator with eigenvalues between −sℏ and sℏ. 

So the Hamiltonian can be written as 

                      ��= −
��

���
�⃗.��⃗                                                                                                 (4.3.74) 

Now assume the spin of the particle is initially in the direction of the magnetic field. Quantum 

mechanically this means that the ket describing the particle’s state is an eigenstate of the spin 

operator component in that direction and therefore it is an eigenstate of the Hamiltonian 

(4.3.74). According to the Adiabatic Theorem it will stay in an energy eigenstate since the 

magnetic field and therefore the Hamiltonian are slowly changing. To calculate Berry’s phase 

we need ℬ��⃗ �(��⃗ ), which boils down to determining how the eigenstates change under a change 

in ��⃗ . But for a given dS the change in ��⃗  is small and we can take all ��⃗  to be close to a certain 

base point. So we need to know |m; B>. Since it is along spherically symmetric we can call the 

direction of the base point �� ��  the z -direction and therefore |m; B> will be close to|�� > . 
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Now we can obtain |m; B> by starting out with the eigenstate of �� and then rotating it into the 

right direction. The spin operator component in the rotated direction and the corresponding 

eigenstate can be written as 

                   |�� >  → |m; B> = U |�� >                                                                                 (4.3.75) 

                 �� →�� = U�� ���                                                                                           (4.3.76) 

m denotes the eigenvalues of a spin component in general direction while �� denotes the 

eigenvalues of the z -component of the spin. Of course the numerical values of m and �� are 

equal. (4.3.76) can easily be derived by multiplying the equation 

         ��|��> =       ��|��>                                                                                                  (4.3.77) 

from the left with U and by putting ���U between �� and the ket. We see that S transforms in 

the adjoint representation, which is of course obvious since the spin rotations are generated by 

the spin operators and the generators of a group always transform in the adjoint representation.  

                                           

 

                                                                                                                             

                                     

   Fig. 5: How to rotate a vector 

We will write the rotation operator U (α) as  

   U (α) =      ���
ℏ

�.�                                                                                                                            (4.3.78) 

where the rotation is around the axis α over an -angle |α|. 
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  This definition is in agreement with the commutation relation.                                                                 

         −
�

ℏ
[��,��] = ℰ�����                                                                                                    (4.3.79)  

We have seen that we can take all B close to the z-direction and therefore we can take |α| to be 

small. Let us now first find an expression for α. suppose we want to rotate a vector ��with 

length r into a vector r. Then the rotation axis α can be found from the relations (figure 5) 

                    
�� ∧ �

|�� ∧ �|
   =  

α

|α|
                                                                                                    (4.3.80) 

             |r� ∧ r| = ��sin (|α|)                                                                                              (4.3.81) 

                and therefore   

              
��∧�

�� ��� (|α|)
  =  

α

|α|
                                                                                                      (4.3.82)  

Assuming |α| to be small this relation simplifies to 

                          α =  
��∧ �

��
                                                                                                   (4.3.83) 

So if we want to express the eigenstates of the spin in the direction of the magnetic field B in 

terms of the eigenstates of  ��  we find the following expression for α: 

             α =  
(�,�,� ) ∧ �

��      =
�

�
(−By,��, 0)                                                                           (4.3.84) 

It will be easier however to substitute B by �� which may be done because |α| is small and 

therefore ��= B cos (|α|) ≈ B. We find U (α) and |m; B> to be: 

  U (α) =��
�

ℏ
(��������� ��⁄ .|���                                                                                             (4.3.85) 

  |m; B> =��
�

ℏ
(��������� ��|���⁄

                                                                                          (4.3.86) 
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And we can calculate ∇�|m; B>: 

 ∇�|m; B> = �
�

�

ℏ
(��������� �� .  

��

ℏ��
�

� (����,�����,���������)|���
                                         (4.3.87)                                                                                  

Again using the fact that |α| is small and therefore�� ≫ ��,�� we see that the z -component of 

(4.3.87) is much smaller than its x and y-components. By also putting back B instead of ��  

(4.3.87) reduces to: 

∇�|m; B> =��
�

ℏ
(��������� �� .  

��

ℏ�
� (��,���,�)|���                                                                   (4.3.88) 

We are now able to calculate the outer product (4.3.88) 

         ℬ��⃗ �(��⃗ ), = −i (∇�<m; B|) ∧ (∇�|m; B>                               

                     = 
�

ℏ��� < ��|(0,0,−����+����)|�� >                    

                         = 
�

ℏ�� < ��|�̂��|�� >                

                        = 
��

��  �̂                                                                                                        (4.3.89) 

We have used here the commutation relation for the spin operators: 

− 
�

ℏ
[�� , ��] = ��                                                                                                (4.3.90) 

Since we look at B near the z-axis, ds is equal to �̂ds and we find a total Berry phase equal to 

   ��(∂S) =∫
�
ℬ��⃗ � .�� = ∫

�

�

��
ds 

             =∫
�

�

��
���Ω 
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            ��(∂S) = mΩ(s)                                                                                                       (4.3.91) 

We see that we have obtained the important result that Berry’s phase for a spin in a slowly 

changing magnetic field is equal to the enclosed solid angle times the spin eigenvalue m of the 

state. Notice that the phase change depends neither on the total spin s nor on the size of the 

magnetic field B. 

For special case of S = 
�

�
. In that case the Hamiltonian is equal to 

H = Κσ· B =  �
�� �� − ���

�� + ��� −��
�                                                                               (4.3.92) 

Where K = −
��

���
 

The eigenvalues of this Hamiltonian are ± K |B|. By introducing spherical coordinates: 

    �� = B sin θ cos ϕ                                                                                                        

    �� = B sin θ sin ϕ                                                                                                           (4.3.93)         

     �� = B cos θ                                                                                                                 

it can be written as: 

   H = κB � cos θ ���� sin �
��� sin � − cos �

�                                                                                    (4.3.94) 

It is now easy to show that the following ket is an eigenstate with eigenvalue +κB:  

|m; B> � =       �  
cos �

�

�
�

��� sin( �

�
)
   �                                                                                                      (4.3.95) 

However for θ = 0 and θ = π the angle ϕ can have all values between 0 and 2π. 
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The point θ = 0 is no problem since the lower component of the state is zero. At the point θ = π 

it is not though and the state is ill defined. But we can find another state: 

|m; B> � = ����|m; B> �    =        � 
��� cos �

�

�
�

sin(�

�
)

�                                                                (4.3.96) 

This state is multi valued for θ = 0 but single valued for θ = π. So for every θ we can find a 

single valued solution to the Schr�̈dinger equation. Using the expression for the gradient in 

spherical coordinates: 

                      ∇�T =
��

��
B� + 

�

�

��

��
�� +

�

� ��� �

��

��
��                                                                   (4.3.97) 

And we calculate Berry’s connection <m; B|∇�|�; � > :  

               �� = 
�

�
(1 − cos �)

�

� ��� �
                                                    

              ��= − 
�

�
(1+cos �)

�

� ��� θ
                                                                                         (4.3.98) 

Which exactly equal to the gauge field for a Dirac magnetic monopole of strength  

� = 
 �

�
  except that here B plays the role of the radial coordinates r. The reason for this is of 

course that the magnetic monopole as well as a spin in a changing magnetic field are described 

by a U (1) line bundle over ℝ �\{0} ≅ ��.  Berry’s phase for this is therefore proportional to 

the holonomy in the monopole field. 

4.4. Applications of Berry's phase 

4.4.1. Berry' phase to effective mass of Bloch electrons 

Bloch electrons are independent electrons which obey the one electron Schr�̈dinger equation 

for a periodic potential and obey's Bloch theorem. 
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Bloch theorem can be written in two equivalent forms 

  ��� (� + �) = ���(�)          and  ���(� + �) =  ���.����(�)                                      

Taking geometric phase effects into account, the semi classical EOM for a Bloch electron are  

                                 k̇ = 
�

ℏ
            

                           �̇ = �

ℏ 

�ℇ�(�)

��
 - �̇ x Ω (k)                                                                       (4.4.99) 

Here  �̇ is the electron velocity, �̇ is the time derivative of crystal momentum (wave vector), 

��(k) is the band structure(with the subscript M indicating that ε(k) has 

been modified by the presence of a magnetic field), and F is the net force on a Bloch electron. 

The quantity Ω (k) is the Berry curvature of a Bloch state |k>, defined through  

                     Ω (k) = i<∇���| ×∇��� >                                                                          (4.4.100) 

with �� being the periodic part of the Bloch function. Ω (k) is that the Berry curvature. The 

Berry curvature as in (4.4.101) by application of Stoke’s Theorem to the basic definition of the 

continuum Berry’s phase for a Bloch system In 2D case the wave vector k is confined to the x-

y plane, and with (4.4.101) 

   γ =  i∮ i < u�| ∇�u� >  .dk 

 = i∫
�
da(∇�  × i(< ��∇�|u�>).n�   

 = i∫ ��k (∇� × i < u�|∇�u�>)�.                                           (4.4.101)                                               

the integrand is the z-component of a gauge invariant quantity.  

The presence of Ω (k) in the EOM routine application of Newton’s 2nd Law leads to in 

deriving a “new” inverse effective mass tensor: 

                                             �̇.� = �̇ .
�

��
 �̇    �⃗ 
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                                             = �̇.
�

��
(

��/ℏ

��
  - �̇ × Ω(�)) 

                                            =�̇��̇� �
�

ℏ

��ℰ

������
− �����̇�

���

���
�                               (4.4.102) 

Where ����  is the Levi-Civita permutation symbol. Now typical prescription for defining an 

inverse effective mass tensor is to identify proportionality constant between acceleration and 

external force from (4.4.102) that the term in parentheses can be used to construct a 

“modified” version of the inverse effective mass tensor as 

 

            [���]��   =  
�

ℏ� 
���

������
  -  

�

ℏ
 �����̇�

���

���
                                                               (4.4.103)  

 This tensor has dimensions of inverse mass, but unfortunately the definition is circular. That 

is, by Newton’s 2nd law we expect the acceleration to be proportional to the external force F, 

but F = ℏ�̇ since ��� depends up on �̇   We see that our “modified” effective mass tensor is 

itself dependent on the force. This means that the acceleration in such a system depends not 

only upon F, but|�|�. Since the acceleration is not linearly proportional to the external force 

any more, one must use caution before calling M �� an “inverse effective mass”. 

 The cyclotron effective mass  �∗ for Bloch electrons will also be affected by the presence of 

a non-zero Berry-curvature Ω (k). 

 Cyclotron effective mass means the effective mass of a Bloch electron as determined by a 

cyclotron resonance experiment. The cyclotron effective mass “is not necessarily the same as 

other effective masses. The different notions of “mass” for a Bloch electron in the presence of 

the geometric phase, the concept of cyclotron resonance is any charged particle of mass m, 

when placed in a magnetic field, undergoes cyclotron motion with an angular frequency �� is 

given by 

 

                        ��  = 
��

��
                                                                                            (4.4.104) 
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For Bloch systems an entire crystal is placed in a magnetic field; the expectation is that Bloch 

electrons with a presumed effective mass �∗ undergo a similar cyclotron motion. Now, 

suppose such a crystal is exposed to a time-varying electric field with angular frequency ω. 

When ω = ��  there is resonance: the Bloch electrons absorb energy directly from the E-field 

by changing ω, we can find ��and hence determine �∗ through (4.4.105)  

At this point, the cyclotron effective mass �∗ can be linked with the inverse effective mass 

tensor for electrons near a band minimum, the relationship between the two masses (in the 

absence of any Berry curvature) is 

                 m∗ = �
����

���
                                                                                         (4.4.105) 

The magnetic field is assumed to be in the z- direction, and  ��� is assumed to have a matrix 

inverse M. Since cyclotron resonance experiments yield�∗. When a Bloch electron is in the 

presence of an external magnetic field, the Ω(k)-modified EOM as given in (4.4.99) prescribe 

k-space orbits that are qualitatively the same as the Ω(k) = 0 case. Let F = 
��

�
�̇ × B and then 

eliminating �̇ from the EOM gives  

               �̇ =     
��
ℏ�

��
ℏ

���(�)

��
 ×�  �

��� �
ℏ�

��.�(�)��
                                                                                (4.4.106) 

We see that the presence of Ω(k) does not change the direction of �̇, only its magnitude. In 

particular �̇ ⊥
���

��
(�) is still true and therefore �� (k) like ε(k) in the absence of a magnetic 

field is still a constant of the motion. With the z-axis aligned along B. 

 The fact that the Ω (k)-modified EOM is similar in form to the traditional EOM. It should be 

possible to define �∗ because the motion of Bloch electrons should still have a well-defined 

period of motion.  

 The time it takes to go from �� to ��is 
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                            ∆t =  ∫ ��|�̇|����

��
                                                                                 (4.4.107) 

Using (4.4.106) we see that 

∆t =  
ℏ��

�|�|
 ∫ ��|

���(�)

��
|�

����

��
  +

ℏ

|�|
 ∫ ����.Ω(�)�|

��

��
 
���(�)

��
|�

��                                         (4.4.108)                                                                      

 

With 
 ���(�)

��
|�

.    being the component of �
���(�)

��
�  perpendicular to the B-field, the second 

integral I, which we call the “correction integral”, the event Ω (k) → 0)  

The “correction integral” is given by  

                  I = ℏ ∫
�.�(�)

|�|

��

��
 |

���(�)

��
|�

��                                                                    (4.4.109) 

where 
�.�(�)

|�|
| ≡ Ω(�)∥ is the component of the curvature parallel to the magnetic field. It is 

straightforward to show that 

                            ∆t =  
ℏ��

�|�|
  

��

�ℰ�
   + I                                                                               (4.4.110) 

where ��is the area swept out from �� to �� on the ℰ� surface. (We will take k� ≈ k�, 

assuming the orbits to be only slightly perturbed from simple closed curves.) For a free 

electron, the period is given by 
����

�|�|
 we should therefore define a cyclotron effective mass �∗  

 

          �∗ =  
ℏ�

��
  

��

���
  +

�|�|

���
 I                                                                                       (4.4.111) 

This result indicates that, in general, the cyclotron effective mass depends on the value of a 

magnetic field. This B-field dependence comes about in two ways. The band structure itself 

has been modified by the presence of a magnetic field, so that ε→ε�. There is a correction 

term that depends explicitly upon B and Ω(k). Note that the first correction is present even if 
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the Berry curvature Ω (k) is zero, and depends upon the angular momentum of the Bloch 

electron wave packet. 

 In conducting a cyclotron resonance experiment and using (4.4.105) we find the cyclotron 

effective mass. One can perform the experiment with a particular B field, then reverse 

directions so that B → −B. Because I depends upon the quantity B. Ω (k) and therefore 

depends upon the direction of B in (4.4.109), the results of the two �∗ measurements should 

be different by an amount that is twice the correction term. (This is true regardless of whether 

or not ε has become �� in the presence of a magnetic field, since 
��

���
 will be unaffected by a 

reversal of B direction). 

 The size of this correction and hence the feasibility of observing this effect will be discussed 

shortly.  

For the special case of Ω(k) = Ω, without dependence on k, we can evaluate I: 

                 I =  
ℏ

|�|
∫ ��

��

��
��.Ω(�)�|

���(�)

��
|�

��                                                    (4.4.112) 

We then find the cyclotron effective mass to be 

        �∗  = 
ℏ�

��
 �1 +

�

ℏ�
(�.Ω)�

��

���
                                                                       (4.4.113) 

Note that the quantity in parentheses is exactly the correction term that appears in the Ω(k). 

4.4.2. Electrical tunable optical polarization rotation on a silicon chip using Berry's 

phase 

  Berry's phase is a quantum mechanical phenomenon that may be observed at the macroscopic 

optical level through the use of an enormous number of photons in a single coherent state. 
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 Electronics and photonics on the chip scale benefit from the voltage control of optical 

polarization for applications in communications signal processing and sensing. Out of plane 

optical wave guides allowing access to Berry's phase which is purely topological origin.  

  Devices fabricated in the silicon chip-on insulator material plat form are not limited to a 

single static polarization state; rather they can exhibit dynamic tuning of polarization from the 

fundamental transverse electric mode to the fundamental magnetic mode. Electrically tunable 

optical polarization over a 19 dB range of polarization extinction ratio is demonstrated with 

less than 1 dB of conversion loss at infrared wave length. 

Silicon photonics is promising for future highly integrated electronic- photonic systems on the 

chip scale. In microelectronic integrated circuit charge carriers utilize metal interconnects, 

where as photonic integrated circuits photons are guided in optical wave guides. Guided 

optical wave exhibits inherent properties including amplitude, phase, frequency, wave length 

and polarization.  Chip scale silicon strip wave guides are strongly dependent on polarization 

at infrared wave length because of high refractive index contrast to silicon dioxide and the 

sub-micrometer light confinement.  

Wave guides exhibits large polarization mode dispersion polarization dependent loss and 

polarization dependent wave length characteristics. While operation in polarization in a single 

polarization state has been demonstrated to be effective for communications, signal processing 

and sensing the lack of dynamic polarization control is a significant lacuna in the technology. 

Electrical control of optical polarization would create new avenues, including routes to 

advances in modulation coherent communications, quantum computing and polarization 

diversity. The polarization rotation in silicon suffers from several draw backs;  

i. They are static means they rotate the polarization by only a fixed amount. 

ii. They rely on asymmetric geometries with impedance mismatches resulting in 

degradation of insertion loss. 

iii. They exhibit wave-length dependent loss because they rely on periodic structure or 

mode of coupling. 
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To overcome these challenge, we propose and demonstrate chip-scale polarization rotation 

utilizing Berry' phase. A direct macroscopic measurement of Berry' phase may be obtained 

through an observation of the polarization of plane polarized light. When it is transported 

along a closed path in momentum space, the angle of rotation of the polarized light does not 

come from a local elasto-optic effect caused by torsional stress and the effect is independent of 

detailed material properties. The rotational angle arises only from the overall geometry of the 

path taken by the light. The key to manifestation of Berry's phase in photonic integrated circuit 

is to introduce out of plane 3Dwave guide to create a 2D momentum space with none zero 

curvature. 

Accessing Berry's phase on a silicon chip we introduce the physical wave guide layout  

  

(a)                                                                     (b) 

Figure 6 .the concepts to realize Berry's phase in Silicon photonic integrated circuits. (a) 

Physical space: waveguide layout involving out-of-plane waveguide. (b) Momentum 

space: non-zero solid angle subtended by the shaded surface corresponds to the Berry's 

phase which manifests as polarization rotation 

Monochromatic light at wave length � carries a momentum given by p = ����+ ����+ �̂��= ℏ� 

where k is the propagation vector with magnitude 
��

�
 and ℏ is the Planck's constant divided by 

2Π. In physical space the layout consists of three main portions. The first portion shown in red 

in fig.6a consists of an ascending out of plane 1800wave guide bend. The second portion 

shown in green consists of an out of plane wave guide descends to the chip surface; finally the 
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third portion consists of an in plane 1800 bend. In momentum space the corresponding path for 

each wave guide portion are shown in fig 6b. Light propagation along the three dimensional 

path in physical space results in non-zero subtended angle in momentum space, shown as the 

shaded area in fig. 6b therefore the wave guide geometry will exhibit Berry's phase. A change 

in wave length results in a change of radius of the sphere in momentum space but not the solid 

angle. Therefore the effect is intrinsically broad band. If the deflection angle of wave guide 

portion 1in physical space shown in fig .6a is�, then the output light will appear with 

polarization rotation equal to 2� due to Berry's phase because the magnitude of the solid angle 

extended by the grey area in momentum space shown in Fig.6b is 2�. 

4.4.3. Aharonov- Bohm effect in the tunneling of a quantum rotor in a linear Paul trap 

Quantum tunneling is a common fundamental quantum mechanical phenomenon that 

originates from the wave like characteristics of quantum particles. 

Quantum tunneling system uses two dimensional ionic structure in a linear Paul trap ,we 

demonstrate that charged particle in this quantum tunneling system are coupled to the vector 

potential of a magnetic field throughout the entire process  even during quantum tunneling as 

indicated by the manifestation of Aharonov- Bohm effect in this system. 

The tunneling rate of the structures periodically depends on the strength of the magnetic field, 

whose period is the same as the magnetic flux quantum through the rotor. 

The quantum dynamical phenomenon in which a particle tunnels through a barrier that it 

classically could not penetrate was first investigated to explain alpha decay. There are also 

many other natural phenomenon ranging from cosmological scale to microscopic scale such as 

chemical reactions that arises from quantum tunneling effect in artificial materials have been 

investigated using diodes, super conductors and have been achieved in quantum simulators. 

The AB effect in which a charged particle is affected by a magnetic field even as it travels 

through a region in which the magnetic field is zero has been experimentally confirmed using 

an electron in a super conducting ring and other materials even in a non localized magnetic 
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field, the wave function of a charged particle obtains a phase that is proportional to the area of 

a closed loop. This effect is also referred to as the Aharonov-Bohm effect.     

 

a)                                                                    b)  

Figure 7. The quantum tunneling rotor. (a) The quantum tunneling rotor indicated the potential 

energy and pattern diagram of the quantum tunneling of a three- ion triangular structure. (b) A 

charged quantum rotor in a magnetic field. 

The AB effect occurs in the quantum tunnelling rotor and the wave function of the ions gain a 

phase that is proportional to the homogeneous magnetic field and the area of the closed loop 

drawn by the path of each ion of quantum tunnelling rotor. Because of the strong radial 

confinement of each ion, this closed loop corresponds to the potential valley shown in Fig.7a. 

The wave function of the quantum tunnelling rotor can be expressed as 

            ���(t+Δt) = ���(�) + i(��  + �� )Δtψ����(�)                                                   (4.4.114) 

Where ���,�����(t) are the wave functions of the two quantum tunnelling rotor orientations, 

Δt is a short time interval and�� (��) is the complex amplitude of the tunnelling for clockwise 

and anti-clockwise rotation. Because the AB effect introduces a phase difference between the 

clockwise and anti-clockwise rotations Fig.7b and the quantum tunnelling rotor has six fold 

rotational symmetry the complex amplitudes are given by 
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               ��=Jexp� 3 × (�
���

���
)�                                                                                       (4.4.115) 

             ��= Jexp�−3 × (�
���

���
)�                           (4.4.116) 

where J is the strength of the tunnelling, Φ = ���is the magnetic flux that penetrates the 

quantum tunnelling rotor, S is the area of the closed loop, �� is the magnetic field component 

perpendicular to the plane of the quantum tunnelling rotor,  �� = � 

�
 is a quantum of magnetic 

flux, h is the Planck constant and e is the elementary charge. Using these amplitudes, the wave 

function of the up orientation is given by 

                      ���(� + Δ�) =     ���(�) + ��(���Φ/��  +����Φ/��)Δ������(�)           (4.4.117) 

                          =���(�)   + �2���� ��
Φ

��
� Δ������(�)                                                (4.4.118) 

where the transition probability P from ���to �����(and vice versa) is 

calculated as 

          P ∝ |cos (�
Φ

��
 )|�    =  �1 + cos �

��Φ

��
� /2�                                                (4.4.119)                                                         

using Fermi’s golden rule. The tunnelling dynamics depends on the magnetic flux with a 

period given by��. 
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5. SUMMARY AND CONCULUSION 

5.1. SUMMARY     

Adiabatic Theorem states that if a system begins a time t, in an instantaneous eigenstate ��(�, 

�) then all later times will remain in that same eigenstate, but develop phase factors. 

Berry phase is a special case of the geometrical phase, which arises when the Hamiltonian of a 

system evolves adiabatically with time. The adiabatic theorem may be stated as a Hamiltonian 

�� with a discrete, non-degenerate spectrum of eigenenergies, suppose that it evolves 

adiabatically to some final form �� if the system was initially in the nth eigenstate ��  of the 

original Hamiltonian ��, then it will be carried to nth eigenstate of the new Hammlitonian ��, 

just picking up two phase factors namely dynamical phase which depends on the time of 

evolution and the speed while the geometrical  phase depends on the shape of the curve, C.  

A manifestation of Berry phase in classical analogues two effects may clarify phase are 

parallel transport of a vector on a curved surface and Foucault pendulum and each of these 

processes is a non–holonomic in the sense that the system, the vector or the pendulum does not 

return its original state when transported around a closed loop in parameter space and the 

canonical example of Berry phase in quantum mechanics are the ABE and the spin-½ particle 

in magnetic field, in ABE  charged particle constrained to move at a fixed radius from a 

cylindrical region of uniform magnetic field created by infinitely long solenoid, the magnetic 

field at the location of the charge is zero and the magnetic vector potential �⃗(with  ∇��⃗ = ��⃗  

)is non–zero, due to the presence of magnetic flux the charged particle traverses  the closed 

loop, its wave function picks up a phase and Berry phase also arises in spin half particle in 

rotating magnetic field adiabatically varied, so are the Hamiltonian this results in the spin 

following the magnetic field direction when the magnetic field returns to its initial position the 

spin state acquires the usual dynamical phase and extra phase called Berry phase.     

The important features for the phase to be called geometric are it does not depend on the speed 

with which the parameters are varied and it is gauge independent modulo an un important 
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integer multiple of 2� with respect to the choice of single valued |n(R��⃗ )>. Furthermore, it is a 

real-valued quantity. 

`Some properties of the geometric phase:  

 It only arises when there is more than one time–dependent parameter in the 

Hamiltonian. 

 It is only dependent on the path taken, not the time (provided it being sufficiently long 

enough for the adiabatic approximation to hold). 

  For it to be a true phase factor��(�) must be real. That means <n(R)|∇�n(R) must be 

imaginary. 

 It is measurable 

 

 5.2. CONCLUSION 

In this project work, according to the adiabatic theorem a system in the nth eigenstate remains 

in the nth eigenstate if the environment is changed slowly enough. If the Hamiltonian is slowly 

altered and returns to its original state we can deduce from the adiabatic theorem that the 

system remains in its original state but a phase factor called Berry Phase is added. The Berry 

Phase does not depend on the time needed to change the environment alongside a circuit (as 

long as it is slow enough) but only on the path taken. The Berry Phase is measurable and can 

be made visible by experiments involving interference as the Aharanov-Bohm effect. 

Aharonov-Bohm effect is phenomenon which can’t be describe in terms of classical 

mechanics and is of purely quantum origin. The effect was confirmed by many different 

experiments and its existence is widely accepted. We can conclude that electromagnetic 

interaction can take place in regions of space where field is zero and that Aharonov-Bohm 

effect does exist. Berry curvature modified Bloch electron semiclassical equation of motion 

imply that acceleration is not directly proportional to the external force, because the traditional 

concept of an inverse effective mass must be modified.  
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