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d Derivation on near ring
R Ring
Z(N) Multiplicative center of near ring

¢(N) Additive center of near ring
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Commutativity of Near-Rings with Derivation satisfying certain Differential

Identities

ABSTRACT

The aim of this project was to elaborate the conditions for near ring with derivations to be a
commutative ring. This is because near ring did not satisfies all the properties of ring. This
project studied the conditions under which a near ring becomes a commutative ring. Some
conditions imposed certain derivation on near rings satisfying certain differential identities
were employed to prove certain commutativity theorems. Important notions, basic definitions,
examples, remarks, basic lemmas and theorems related to our study which are required for the
development of the main results of this project are presented. The concepts of derivations on
near ring and its generalizations were discussed to make idea clear. However, the most
important among them was near ring with derivations satisfying certain differential identities.
The commutativity of addition and multiplication of near rings satisfying some conditions
involving derivations was obtained. Moreover, examples proving the necessity of the
primeness condition were given. This project gives a leisurely introduction to the theory of
near-rings and its main results suitable for readers with a little knowledge of commutativity of

near-ring.

Keywords: Prime Near-Rings, Derivations, Commutativity






1. INTRODUCTION

1.1. Background of the Study

Near rings have been the goal of study for many researchers in Mathematics, since twenties
century. A near ring is exactly what is needed to describe the structure of the endomorphism
of various mathematical structures adequately. Near rings are generalizations of ring. It is

natural to generalize various concepts of rings to near rings.

The study and research on near-rings is very systematic and continuous. Beidleman (1965),
Clay (1964), Bell (1971) and Ligh and Luh (1976) have generalized various concepts of near

rings. Due to non-ring character of a near ring the results have their own beauty.

Many parts of the well-established theory of rings were transferred to near-rings and near-ring

specific features were discovered, building up a theory of near-rings step by step.

The concept of near-ring first introduced by Pilz (1983) as a near ring is a non-empty set N
with two binary operations (N, +, -) in the first operation N group (not necessary abelian), in

the second operation N semi-group and one of the distributive laws holds.

The study of derivation in rings got impetus soon after Posner (1957) and Herstein (1957)
obtained some remarkable results particularly for prime rings. There studies started attracting
a wide circle of algebraists in the later part of the 20th century. It plays a significant role in the
algebraic geometry and differential algebras. They defined a derivation d on ring R as an
additive mapping d: R — R such that d(ab) = ad(b) + d(a)b forall a,b € R. Then it is said

to be derivation on rings.

Several authors like Herstein (1978), Vukman (1989) were studied the derivation of rings in

several ways and studied the properties of the derivation of rings.

Motivated by successful results of derivation in rings, the concept of derivation on near ring N
was introduced by Bell and Mason (1987) and they defined a derivation d on N to be an
additive endomorphism satisfying the “product rule’’ such that

d(xy) = xd(y) + d(x)y forallx,y € N (1.1)



They extended some results proved by Herstein (1978) derivation on ring to derivation on near
rings. Wang in (1994) proved that the second condition of the derivation on near ring is
equivalent to equation (1.1) written as follows

d(xy) = d(x)y + xd(y) forall x,y € N.

Consequently several authors Daif and Bell (1992), Bell (1997), Beidar, et al., (1996), Ashraf
and Rehman (2002) are generalize many results of derivation of rings to derivation of near-

rings.

Boua and Oukhtite (2011) extended some identities proved by Daif and Bell (1992) on
derivation of rings to derivation on near-rings which facilitates near rings to be commutative

ring.

Bell, et al., (2012) investigated derivation on near ring satisfying certain differential identities
are commutative ring and they proved some conditions under which near-rings are

commutative rings.

Recently, Ashraf, et al., (2014) extended some results proved by Bell and Daif (1994) and
Ashraf, et al., proved near-rings with derivation satisfying certain differential identities are

commutative rings.

Motivated by the results of Yhun Shang (2011) very recently, Khan and Madugu (2017)
extended some results on prime near-ring with nonzero derivation satisfying some differential
identities to show the near rings are commutative ring. They proved if there exist is non-
negative integers in the derivation of near rings, in such a way that N admits a non-zero

derivation d satisfying some conditions, then near rings are commutative rings.

1.2. Statement of the Problem

Near-rings contain the number of theorems asserting that certain conditions imply
commutativity in rings in special classes of near-rings. Boua and Oukhtite (2011) investigated
the conditions for which left near ring with derivation to be commutative ring. In the case of

commutativity condition in near-rings, one of the most effective conditions in derivation of



near ring is the condition that satisfying certain differential identities on near- rings by (Bell, et
al., 2012). They investigated derivations satisfying certain differential identities on a zero
symmetric left prime near-ring. After that they proved N be a prime near-ring admits a
nonzero derivation d such that

() [d(x),y] = [x,d(y)] forall x,y € N

(i) [d(x),y] = [d(x),d(y)] forall x,y € N

If this conditions of hold, then N is commutative ring.

Motivated by their results, Ashraf, et al., (2014) proved that a zero-symmetric right prime
near-ring satisfying certain differential identities are commutative ring and they proved the
following properties.

() d([x,y]) € Z(N) forall x,y e N

(ii) d(xoy) € Z(N) for all x,y € N, the properties hold, then N is commutative ring. They
proved a prime near-ring which admits a nonzero derivation d, then the following assertions
are equivalent

() d([x,y]) = [d(x),y] forall x,y € N

(i) [d(x),y] = [x,y] forall x,y € N

(iii) N is a commutative ring.

Khan and Madugu in (2017) proved that, if a prime near ring N and there exist non-negative
integers in a non-zero derivation d, N is a commutative ring. This project tried to discuss
differential identities on near-rings with derivations which facilitate near-ring to be

commutative ring.
1.3. Objectives

The main objective of this project was to discuss differential identities on near-rings with

derivations which facilitate prime near-rings to be commutative ring.
The study explored the following specific objectives:

» To elaborate the proof of theorems and concepts of derivation on near-rings satisfying
certain identities are commutative ring.

» To describe the necessity of primeness condition on derivations in near rings.



» To show commutativity of near rings by using primeness and 2-torsion freeness
conditions on derivation in prime near rings.

» To discuss centralizing derivation on near rings satisfying certain differential identities.



2. REVIEW OF RELATED LITERATURE
2.1. Derivation on Near-Rings

Derivation on near-ring is a tool of differential Algebra and the objective of ring theory. There
has been considerable interest of investigating commutative condition on derivation in near-
rings which is the part of ring theory, more after that of prime near-rings admitting this
mapping which are commuting on a prime near-ring with derivation. Being important ring

theory, these results are one of the sources of the development on derivation of near-rings.

Bell and Mason (1987) investigated that a near ring contains number of theorems asserting the
certain conditions implying commutativity in rings implies multiplicative or additive
commutativity in special classes of near rings.They introduced a derivation on near ring N to
be an additive endomorphism satisfying the product rule discussed in equation (1.1) and

obtained various results regarding the behavior of prime near-ring N as a commutative ring.

Wang (1994) proved the equivalence of derivation on near rings defined in equation (1.1) with
d(xy) = d(x)y + xd(y) forall x,y € N.

Biadar and Wang (1996) extended (Poisener and Heristien, 1957) theorems for derivation of
prime rings to derivation of prime near-rings. Thereafter they generalize many results of

derivation of rings to derivation of near-rings.

Deng et al., (1998) proved that if N is an n-torsion free prime near-ring admitting a derivation

d such that d(N) € Z(N), then either d(Z(N)) = 0 or N is a commutative ring.

Argac and Bell (2004) proved some results on derivation in near-rings and they defined N is
zero-symmetric near-ring, then an additive map d: N — N is derivation d is the same as above
equation (1.1). Then additive map on d is to be act as a derivation on the subset S of N. Then
equation (1.1) holds for a,b € S. They studied three conditions of near rings that are
derivations, product of derivations and commutativity in near-rings and they discussed
conditions involving single derivation d or a pair of derivation which force (N,+) to be

abelian or N to be commutative ring.



2.2.Commutativity of Derivation on Prime Near -Rings

Near-rings are one of the generalize structures of rings and the study of commutativity of
prime near-rings by using derivations was initiated by Bell and Mason (1987). They obtained
some basic properties of derivations in near ring. Some of their results, which deal with
conditions on derivations, extend earlier commutativity results involving similar conditions on

derivations.

Bell and Mason (1987) defined centralizing derivation of a near ring. Inspired by the study of
centralizing derivation in rings, they studied the concepts of centralizing derivations in near-
rings. A derivation d: N — N is said to be centralizing (resp. commuting) on a near ring N, if
[x,d(x)] € Z(N) ( respectively [d(x),x] = 0 holds for all x,y € Z(N).

Bell and Mason (1992) defined commuting conditions on derivation of a near-ring. They
studied the concepts of commuting derivations in near-rings. Further in the mentioned works
(Bell, 1997) proved the result for a nonzero semigroup ideal of a near-ring which extends

some results to (Bell and Mason, 1994).

The recent literature contains numerous results on commutativity in prime near-rings
admitting suitably constrained derivations and several authors have proved comparable results

on near-rings satisfying certain differential identities.

Boua and Oukhtite (2011) investigated some results of commutativity of derivation in zero
symmetric left near-ring and moreover, they used examples proving the necessity of the
primeness condition is given to show near-rings are commutative ring and near-ring with
derivation more precisely, proved that a prime near-ring admits a nonzero derivation satisfying
certain differential identities must be commutative ring. That is a prime near ring N admits a
nonzero derivation d such that in equation (1.2) is satisfied for all x,y € N, then N is

commutative ring.

The investigation on certain differential identities on zero symmetric left near ring with
derivation is continued by (Bell, et al., 2012). Thereafter in the study they proved a 3-prime

near rings with derivation satisfying certain differential identities which shows commutativity



near ring. Instead of this N is a 2-torsion free 3-prime near ring and N admits a nonzero

derivation d such equation (1.2) are satisfied for all x,y € N, then N is commutative ring.

Boua (2012) studied some conditions under which derivation on zero symmetric left prime
near-rings are commutative ring and recently, there has been a great deal of work concerning

differential identities on prime near-ring with derivation.

Ghowsi (2014) studied near rings are one of the generalized structures of rings and research
done on near-rings is very systematic and continuous behavior or commutative ring. They
proved some new commutativity theorems for near—rings with unity have been obtained in

their study.

Ashraf, et al., (2014) have investigated commutativity of right prime near-ring with
derivations satisfying certain differential identities are commutative ring and they proved the
equivalent conditions of a 2-torsion free prime near-ring which admits a nonzero derivation d

and N is commutative ring.

Recently, Khan and Madugu (2017) proved that a right prime near ring is considered to be
commutative ring, if there exist a non-negative integer on near ring N which admits nonzero
derivation d satisfying certain differential identities which facilitates a zero symmetric prime
near ring N is commutative ring. They used N is a prime near ring admits a non-zero

derivation d such that d(N) € Z(N) show that N is a commutative ring.



3. MATERIALS AND METHODS

This chapter outlines the methods were used to derivation on near-rings and materials used

in the study. Sources in the web and libraries were used to collect all the pieces of

information about commutativity of near-ring and recorded subsequently. Specifically,

>

Relevant journals, books and other project reports were addressed to gather
information about the derivation on near rings.

The collected information was analyzed and arranged keeping coherence.

Important concepts, definitions, lemmas, examples and theorems were discussed to
make ideas clear.

Important lemmas were used to proof theorems.



4. PRELIMINARY

In this chapter we discuss the concepts of near-ring and illustrate it with examples. Several of
its basic properties are given and most of the results given here are from the book of Pilz in
(1983). Moreover, this chapter contains basic definitions and fundamental results in the theory
of near rings needed for the development of the project in the subsequent sections of the

present chapter.

4.1.Some Theoretic Concepts of Near-Rings

Definition 4.1.1(Pilz, 1983) A near-ring is a set N together with two binary operations ‘+’ and
‘” such that

(i) (N, + ) isagroup (not necessarily abelian)

(ii) (N, -) is a semi group (under multiplication)

(iil) x(y + z) = xy + xz forall x,y,z € N (left distributive law).

This near-ring will be termed as left near-ring. If (y + z)x = yx + zx, for all x,y,z€ N

instead of condition (iii), then we call N is a right near-ring.

In this project we use the word near ring to mean left near ring, unless otherwise we specified.
As in both the cases, the theory of near-rings runs completely parallel, we may consider left

near-rings throughout and for simplicity call them as near-rings.

Example 4.1(Pilz,1983) The most natural example of right near-ring is given by the set N of
identity preserving maps of an additive group G (not necessarily abelian) into itself with point

wise addition and composition of mappings as multiplication.

f+9)x) =) +g(x)
(fg)(x) =f(gx)) forall f,g € N,x €QG.
Verification: Let f is identity preserving and defined by
N ={f(G,+) - (G, +),where f is identity preserving}.
Therefore, f(0) = 0.
We show that point wise addition is group.

Closure property: For all f,g € N(G) and x € G implies that f + g € N(G),
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(f+9)x) =0.
And (f - g)(x) = f(g(x)) =0forall f,g € N(G) and x € G. Therefore (f - g)(x) € N(G).
This show it satisfies all the properties near ring, since (N, +) is group and (N,-) is semi
group.
We check distributive property for all f, g, h € N(G). Then

((F+9)-h)X) = -hE)+(g-h)(x) for all f,g€N(G), x €G. Therefore right

distributive law holds in N(G), N is a right near-ring.

Definition 4.1.2 (Boua and Oukhtite, 2011) An element x of a near ring N is called
distributive if (y + z)x = yx + zx for all elements x,y,z € N, then x is said to be a left

distributive element.

Remark 4.1.2 For a left near-ring (N, +, -), if zero is the additive identity of (N, +, ), then
x0 =0 and x(—y) = —(xy) for all x,y € N and a near-ring N is distbutive if each of its
element is distributive element.

It is clear that xO0 = 0 for all x in N, now we have x(—y) = —(xy) for all x,y € N. Since

x(=y)+xy) =x(—y+y)=x0=0forall x e N.

Example 4.2. Let N = {0, a, b, ¢, x, y} with addition (+) and multiplication () tables defined

as follows:
Addition

+ 0 a b c X y
0 0 a b c X y
a a 0 y X c b
b X 0 y a c
c c y X 0 b b
x x b c a y 0
y y c a 0 X
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Multiplication

0 a b c X y
0 0 0 0 0 0 0
a 0 a a a 0 0
b 0 a a a 0 0
c 0 a a a 0 0
X 0 0 0
y 0 0 0 0 0 0

From the two tables wget (N, 4+, -) is left near-ring. Now we can check (a +b)x =yx =0
and now ax + bx = 0+ 0 = 0. similarly we can check for all elements right distributive

properties. Then in N every element is distributive, N is distributive near-ring.

Definition 4.1.3 (Boua and Oukhtite, 2011) A near-ring N is said to be zero-symmetric near
ring if x0 =0 = 0x for all x € N. If Ox = 0, then N is said to be zero-symmetric left near-

ring.
In this project we use zero symmetric near ring.

Example 4.3. Let N = {0,1,2,3} with addition and multiplication tables defined as below:
Addition

+ 0 1 2 3
0 0 1 2 3
1 1 2 3 0
2 2 3 0 1
3 3 0 1 2
Multiplication
0 1 2 3
0 0 0 0
0 3 2 1
0 0 0 0
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It can be verified that (N, +, ) is a zero-symmetric near ring.

Definition 4.1.4. The least positive integer n (if exists) such that nx = 0 for all x € N is
called the characteristic of the near ring N, which is generally expressed as char(N) = n. If

no such positive integer exists, then N is said to have characteristic zero.

Definition 4.1.5 (Boua and Oukhtite, 2011) An element x in a near-ring N is said to be

2-torsion free if 2x = 0 imples that x = 0 for every x € N.

Definition 4.1.6 (Gerhand, 2009) Let Z, zero divisors of near ring and right zero divisors is
defined by Z, = {n € N/xn = 0 for some x € N/{0}} and left zero divisors Z; of a near-ring

by Z, = {n € N/nx = 0 for some x € N/{0}}.

Definition 4.1.7. A near-ring N is said to be zero- ommutative if xy = 0 implies yx = 0 for

all x,y € N.

Example 4.4. Let N = {0, a, b, c} with addition and multiplication table difined as below

Addition
+ 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
C C b a a
Multiplication
0 a b c
0 0 0 0 0
a 0 a 0 a
b 0 0 0 0
c 0 c 0 0
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We check that ab = 0, ba = 0 and bc = 0, cb = 0. Then ab = 0 implies ba = 0 and bc = 0
implies that cb = 0. Thus we get if xy = 0 implies yx = 0 for all x,y € N. Hence (N, +, *) is

a zero commutative near ring.

Definition 4.1.8. Let (N;,+, *) and (N,,+, ) be two near rings. Then a mapping f:N; = N,
is called a near ring homomorphism if

() f(ry +72)= f(r0) + f(12),

(ii) f(ry - 12)= f(r1) - f (1) forall ry,r, € Ny

Remark 4.1.7. Image of a near-ring under a near-ring homomorphism is again a near ring.

Definition 4.1.9. Let (N, +) be group and multiplication defined by xy = y for all x,y € N,

then N is constant near-ring.

Definition 4.1.10 (Bell and Mason, 1987) A near-ring N is said to be prime if and only if for
any x,y € N, xNy = {0} impliesthatx =0 ory = 0.

Definition 4.1.11 (Bell and Mason, 1987) An additive center of a near-ring N is the set of all
those elements of N which commute with every element of N under addition and defined as

((N)={zeN/z+x=x+zforallx € N}

Definition 4.1.12 (Boua and Oukhtite, 2011) The multiplicative center of a near-ring N is the
set of all those elements of N, which commutes with every element of N under multiplication
and it is denoted by Z(N), that is

Z(N)={xeN| xy =yxforall y € N}.

Definition 4.1.13 (Boua and Oukhtite, 2011) For any pair of elements x,y in a near ring N,
additive commutator is denoted by (x,y) =x+y—x —y, multiplicative commutator

denoted by [x, y] = xy — yx and anti-commutator is denoted by xoy = xy + yx.

Properties of commutators: Let N be a near ring, then the following properties are satisfied.
() [x, yx] = [x,y]x,
(i) xo(yx) = (xoy)x,
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(ifi) [xy,y] = [x, yly,
(iv) (xoy)oy = (xoy)y,
™) [[x, y1, 2] + [[y, 2], x] + [[z,x],y] = 0, forall x,y € N.

Let we show (i) [x, yx] = [x, y]x
From the left side

[x, yx] = x(yx) — (yx)x = xyx — yxx = (xy — yx)x = [x,y]x forall x,y € N.
4.2.Some Basic Result in Near-Rings with Derivations

In this section we give some well-known basic lemmas and prove some auxiliary results

including examples which will be used in the next sections of the project.

Definition 4.2.1 (Bell and Mason, 1987) An additive mapping d: N — N is said to be a
derivation on a near-ring N. If

D dx+y) =d(x) +d©),

(ii) d(xy) = xd(y) + d(x)y forall x,y € N.

Example 4.2.1. Consider that N = N;@®N,, where N; is a zero symmetric left near ring and
N, is commutative ring admitting nonzero derivation §. Define d:N — N by
d((uq, u3 ))=(0,6(uyz)). Then d is a derivationon N and N = N;®N,

N = {(n,,n,)/n, € N, and n, € N,}.

(N, +) is group and (N,-) is semigroup

(my,ny) + (my,ny) = (Mg +my, ny +ny,) and (my,ny) + (My,ny) = (My - My, Ny -ny)
from this we check (N, +, -) is left near ring.

Verification: Given that &: N, — N, is derivation and

d(uq, uy) = (0,6(uy) 4.1)
d(N;®N,) » N;@®N, and d( vy, v) = (0,8(v,)

() d((uq, up)+( vy, v3)) =d(uq, uy) + d(vq, vy).

(i) d((uqg, uy)(vy, v2)) = (U, u)d(wy, vy)+d(uy, uy)(vy, vy) for all (uqg, uy),
(vy,v) ENandd: N — N.

Let to show that d is derivation on N, since (uq, uy), (v1, V) EN

(1) d((uq, uz)+(vq, v2)) =d(uq, up) + d(vq, v7) forall (uy, uy), (v4, v2) €N.
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From the left side,
d((uq, uz)+( vy, v3)) = d(uy + vy, u; +v3)

= (0,6(uz + v,))

= (0,5(u;, + vy)), by definition of §.

= (0+0,6(up) +6(v2)

= (0,6 (uyz))+ (0,8(uy)) forall u,, v, €N, 4.2)
From the right side,
d(uq, up) + d( vy, v2) = (0,6(uz)) + (0,6(v2))

= (0,5(uy)) + (0,6(v,)) forall (uy, v,) € N, by definition of §. (4.2)
Then from equation (4.1) and (4.2)
d((uy, u2)+(vy, v2)) = d(ug, uz) + d( vy, vp) forall (ug, uz), (v1, v2) €N.
Now to show second properties
d((ug, u2)(v1, v2)) = (Ug, Ux)d(V1, V2) + d(us, uz) (vq, v2) forall (uy, uz), (vq, v2) €N.
Since, by definition of derivation d(xy) = xd(y) + d(x)y forall x,y € N.

From the left side,
d((uq, uy) (v1,v2)) =d(uy.vq, Uuy.vy))

= (0,6(u,.vy)) forall (u,,v,) €N (4.3)
From the right side,
(Ug, Uz) d(v1, v3) + d(ug, up)(vy, v2) = (Ug, uz) (0,8(v5)) + (0,8(uz)) (vy, vy)

=(0,6(uy.v2))+(0,8(u;.vy))

Since N is zero symmetric, we get
(Uq, uy) d( vy, v3) + d(uq, uy)(vq, v2) = (0,8(uy.vy)) forall (u,,v,) €N (4.4)
Hence from equation (4.3) and (4.4), we get
d((ur, uz)(v1, v2)) = (g, ux)d(vy, v3) + d(uy, Uz) (vq, v2) forall (uy, uy), (v1, v2) €N.
Therefore the two conditions of derivation on near rings are satisfied in (i) and (ii). Thus d is

derivation on a near-ring N = N; ®N,.

It was shown by Wang (1994), the condition (ii) of definition 4.2.1 is equivalent to
d(xy) = d(x)y + xd(y) for all x,y € N, which facilitates the study of derivations in near-

rings.
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The following lemmas (Lemma 4.2.1, Lemma 4.2.2 and Lemma 4.2.3) proved by Bell and
Mason (1987) and Wang (1994) which will useful for the proof of next chapter. We prove

these lemmas step by step in detail.

The part (i) of the following Lemma 4.2.1 is proved by Bell and Mason (1987) and part (ii) is
proved by Wang (1994).

Lemma 4.2.1 (Wang, 1994) Let d be an arbitrary derivation on the near-ring N, then N
satisfies the following partial distributive law:

() (xd(y) +d(x)y)z =xd(y)z+ d(x)yz forall x,y €N

(i) (d(x)y + xd(y))z = d(x)yz + xd(y)z forall x,y € N

Proof (i) We know that d(xy) = xd(y) + d(x)y, forall x,y,z € N.
Now, we have
d((xy)z) = xyd(z) + d(xy)z
=xyd(z) + (xd(y) + d(x)y)z, forall x,y,z € N.

Therefore, d(x(yz)) =xd(yz) + d(x)yz

= x(yd(2) + d(y)z)) + d(x)yz,

= xyd(z) + xd(y)z + d(x)yz forall x,y,z € N,
Since d((xy)z) = d(x(yz)), it follows that
(xd(y) +d(x)y)z = xd(y)z + d(x)yz forall x,y,z € N.

(if) We know that d(xy) = d(x)y + xd(y) forall x,y € N.
Then, d(x(yz)) =d(x)yz + xd(yz)
=dx)yz+x(d(y)z + yd(z) forall x,y,z € N

Therefore
d(x(yz)) = d(x)yz + xd(y)z + xyd(z) forall x,y,z € N (4.5)
Now we take d((xy)z) =dxy)z + (xy)d(z)

= (d(x)y + xd(y))z + xyd(z) forall x,y,z € N. (4.6)
Since (xy)z = x(yz), it follows from equation (4.5) and equation (4.6)
(d(x)y + xd(y))z =d(x)yz+ xd(y)z forall x,y,z € N.
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Lemma 4.2.2 (Bell and Mason, 1987) Let d be a derivation on N and suppose u € N is not a

left zero divisor. If [u,d(u)] = 0, then (x, u) is a constant for every x € N.

Proof. Consider u(u + x) = u? + ux, forall u,x € N
Now,

d(u(u+x)) = d(u? + ux) forall u,x € N
Then we have

d(u(u + x)) =ud(u+x)+duw)(u+x)

=ud(u) + d(uw)u + ud(x) + d(u)x forallu,x € N
which reduces to
ud(x) + ud(u) = d(uw)u + ud(x) forall u,x € N,
From this we get
(ud(x) + ud(w) — ud(w) —ud(x)) = 0, for all u, x € N,

Since, d(u)u = ud(u), equation is expressed as

u(d(x) +d(u) —d(x) — d(u)) =0 forall u,x € N,

u(d(x),d(u)) =0 forall u,x € N.

By using definition of additive group commutator, we have

ud((x,u)) = (0 forall u,x € N.
Thus, d((x, u)) = 0.

Lemma 4.2.3 (Bell and Mason, 1987) Let N be a prime near-ring.

(i) If z € Z/{0}, then z is not a zero divisor.

(if) If Z contains a nonzero element z for which z + z € Z, then (N, +) is abelian.

(iii) Let d be a nonzero derivation on N. Then xd(N) = {0} implies x = 0 and d(N)x = {0}
implies x = 0.

(iv) If N is 2-torsion free and d is a derivation on N such that d? = 0, then d = 0.

Proof: (i) Since z € N, we have

So there isno x € N / {0} such that zx = 0, since z is zero divisor.

zNx = {0}, since N is prime x = 0.
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(i) Let z € Z(N)\{0} be an element such that z+ z € Z(N) and let x,y € N. Since z + z is
distributive we get
x+y)z+2)=x(z+2)+y(z+2)
=xz+xz+yz+yz
=z(x+y+x+y).
On the other hand,
x+y)z+z2)=(C+y)z+ (x+y)z
=z(x+y+x+y)x,y €N,
Thus,
x+y+x+y=x+y+x+yandthereforex+y=y+x

(iii) Let xd(N) = {0}, and let r, s be arbitrary elements of N.

Then, we have
0 = xd(rs)
= xrd(s) + xd(r)s
= xrd(s).
So that
xNd(N) = {0}
Since N is prime, x = 0 or d(N) = 0. But d(N) # 0 N is left near ring, assumption which

implies that x = 0.

(iv) For arbitrary x,y € N, we have 0 = d?(xy) = d(xd(y) + d(x)y)
= xd*(y) + d(x)d(y) + d(x)d(y) + d*(x)y
= 2d(x)d(y),
Since N is 2-torsion free, we get d(x)d(N) = {0} for each x € N, then (iii) yields d = 0.

The following Theorem 4.2.1 shows the equivalence of both conditions on derivations in near

rings.

Theorem 4.2.1 (Wang, 1994) A derivation d on a near ring N is a derivation if and only if
d(xy) =d(x)y + xd(y), forall x,y € N.
Proof. Suppose d is a derivation, thus by definition 4.2.1
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d(xy) = xd(y) + d(x)y, forall x,y € N,
Since, we have the properties of near ring
x(y +y) = xy + xy, it follows that the derivation on near ring N,
Let d(x(y +)) =xd(y +y) +d()(y +)
=xd(y) + xd(y) + d(x)y + d(x)y forall x,y € N. 4.7
Now, d is an endomorphism
d(xy +xy) = d(xy) + d(xy)
dxy) +d(xy) =xd(y)+d(x)y +xd(y) +d(x)y forall x,y € N. (4.8)
From equation (4.7) and (4.8) we get
xd(y) +d(x)y = d(x)y + xd(y), forall x,y € N.
Hence,
d(xy) =d(x)y +xd(y), forall x,y € N
For the converse, suppose that
d(xy) = d(x)y + xd(y), forall x,y € N.
Since we have x(y + y) = xy + xy, forall x,y € N, it follows that
d(x(y +3)) =d@)y +y) +xd(y +¥)
=dx)y+dx)y+xd(y) +xd(y), forall x,y € N (4.9)
Also, d(xy + xy) = d(xy) + d(xy)
=dx)y+xd(y)+d(x)y+xd(y), forall x,y € N (4.10)
From equation (4.9) and (4.10), we get
d(x)y + xd(y) = xd(y) + d(x)y, forall x,y € N.
Thus,
d(xy) = xd(y) + d(x)y, forall x,y € N.

Hence, d is a derivation on N.

The following Theorem 4.2.2 and Theorem 4.2.3 are due to Bell and Mason (1987) which is

important on derivation of near-rings which facilitates the commutativity of near ring.

Theorem 4.2.2 (Bell and Mason, 1987) If a prime near-ring N admits a nontrivial derivation d
for which d(N) € Z(N), then (N, +) is abelian. Moreover, if N is 2-torsion-free, then N is a

commutative ring.
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Proof. Let ¢ be an arbitrary constant and let x be a non constant. Then
d(xc) = xd(c) + d(x)c
=d(x)c € Z(N)
Since d(x)c € Z(N) \ {0}, it follows that ¢ € Z(N).
Since ¢ + ¢ is constant for all constants c, it follows from Lemma 4.2.3(ii) that (N, +) is
abelian, provides that there exists a nonzero constant.
Assume, that 0 is the only constant. Since d is obviously commuting, it follows from Lemma
4.2.2 that all u which are not zero divisors belong to the center of (N, +), denoted by {(N).
In particular if x = 0, d(x) € {(N). Butthen forall y € N, we get
dy)+dx) —d(y) —dx) =dly+x—y—x)
= d((y,x)) = 0, since d is additive
Hence, (x,y) = 0.
x+y—y—x=0forallx,yeN
x+y=y+x,foralx,y€eN
Therefore (N, +) is Abelian.
To complete the proof by assuming that N is 2-torsion free and showing that N is
commutative. By Lemma 4.2.1, (xd(y) + d(x)y)z = xd(y)z + d(x)yz for all x,y € N and
using the fact of d(xy) € Z(N), we get
zxd(y) + zd(x)y = xd(y)z + d(x)yz forall x,y,z € N.
Since (N, +) is abelian and d(N) € Z(N), this equation is rearranged to yields
d()|z x] = d(x)[y,z] forall x,y,z € N.
Suppose N is not commutative. Choosing y,z € N with [y, z] # 0 and letting x = d(x), we
get d?(x)[y,z] = 0 for all x € N and since the centeral element d?(x) cannot be nonzero
divisor of zero, we conclude that d?(x) = 0 for all x € N. But by Lemma 4.2.3(iv), this

cannot happen for nontrivial derivation d.

We consider from Theorem 4.2.3 a commutativity of prime near rings with admitting suitably

constrained derivations.

Theorem 4.2.3 (Bell and Mason, 1987) Let N be a prime near-ring admitting a nontrivial
derivation d such that [d(x),d(y)] = 0 for all x,y € N. Then (N, +) is abelian and if N is 2-

torsion-free as well, then N is a commutative ring.
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Proof. The argument used in the proof of lemma 4.2.3(ii) shows that if both z and z + z
commute elementwise with d(N), then zd(c) = 0 for all additive commutators c.
Thus, by taking z = d(x), we get
d(x)d(c)=0forall x e N
So that d(c) = 0 by Lemma 4.2.3(iii).
Since wc is also additive commutator for any w € N, we have d(wc) = 0 = d(w)c and
Lemma 4.2.3(iii) gives ¢ = 0.
Assume now that N is 2-torsion-free. By the partial distributive law,
d(d(x)y)d(z) = d(x)d(y)d(z) + d*(x)yd(z) forall x,y,z € N,
Hence, d?(x)yd(z) = d(d(x)y)d(z) — d(x)d(y)d(z)
= d(2)(d(dx)y) — d(x)d(y)) = d(2)d*(x)y = d*(x)d(2)y
Thus,
d?(x)(yd(z) —d(z)y) = 0forallx,y,z€ N
Replacing y by yt, we obtain
d?(x)ytd(z) = d*(x)d(z)yt forall x,y,z,t €N
So that
d?(x)N[t,d(z)] = {0} forall x,z,t € N.
The primeness of N now shows that either d? = 0 or d(N) € Z(N) and since the first of these
condition is impossible by lemma 4.2.3(iv), the second must hold and N is a commutative ring
by Theorem 4.2.2.
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5. DERIVATIONS ON NEAR-RINGS SATISFYING CERTAIN
DIFFERENCIAL IDENTITIES

The literature on near-rings contains a number of theorems asserting that certain conditions
implying commutativity in near rings imply multiplicative or additive commutativity in
special classes of near rings. Some authors Bell and Mason (1987), Boua and Oukhtite (2011),
Bell, et al., (2012), Ashraf et al., (2014) and Khan and Madugu (2017) established several
commutativity theorems for zero-symmetric prime near-rings admitting a suitably-constrained
derivation. But all of the theorems did not completely proved in detail, in this project we
elaborate proofs those theorems step by step in clear and detail way. More precisely, we prove
that a prime near-ring which admits a nonzero derivation satisfying certain differential

identities is commutative ring.

5.1. Differential Identities involving Derivation on Near-Rings

Daif and Bell (1994) established that a prime ring R must be commutative ring, if it admits a
derivation d such that either d([x, y]) = *[x,y] for all ,y € K, where K is a nonzero ideal of
ring R. Motivated by their results Boua and Oukhtite (2011) proved some results to show zero
symmetric left near-ring with derivation satisfying certain differential identities must be a

commutative ring.

Theorems 5.1.1 and Theorem 5.1.2 provides the conditions under which prime near-ring to be
a commutative ring. Moreover, examples proving the necessity of the primeness condition are

given.

Theorem 5.1.1 (Boua and Oukhtite, 2011) Let N be a prime near-ring. If N admits a nonzero

derivation d such that d([x, y]) = [x, y] forall x,y € N, then N is a commutative ring.

Proof. Assume that

d([x,y]) = [x,y] forall x,y € N (5.1)
Replacing y by xy in equation (5.1), because of [x, xy] = x[x, y], we get x[x, y] = d(x[x, y])
forall x,y € N

Since d(x[x, y]) = xd([x,y]) + d(x)[x,y],
Then according to equation (5.1) we obtain
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x[x,y] = x[x,y] + d(x[x, y]) and therefore d(x)[x,y] = 0,
Hence,
d(x)(xy —yx)=0forall x,y €N (5.2)
Substituting yz for y in equation (5.2), we obtain d(x)y(xz — zx) = 0 and the equation (5.2)

which leads to

d(x)N(xz — zx) = {0} forall x,z € N (5.3
Since N is prime, equation (5.3) reduces to
d(x)=0or[x,z] =0forall x,z€e N (5.4)

From equation (5.4) it follows that for each fixed x € N we have

d(x) =0o0rx € Z(N) (5.5)
But x € Z(N), since d # 0 on N, then x € Z(N) implies that d(x) € Z(N)

Then equation (5.5) forces

d(x) € Z(N), forall x e N (5.6)
In the light of equation (5.6), we have d(N) € Z(N) and using equation (5.5), we conclude

that N is a commutative ring.

The following example demonstrates that the primeness hypothesis in Theorem 5.1.1 is

necessary even in the case of arbitrary rings.

Example 5.1 (Boua and Oukhtite, 2011) Let R be a commutative ring which is not a zero ring

and consider N={(2 2>/x,yeR}, if we define a derivation d:N - N by

d (2 2) = (2 g) then it is straightforward to check that d is a nonzero derivation on a

near ring N. On the other hand, if there is A=(£ 8) and B = (8 0) for all
1

V1
x1,y1 € R. We have ANB = {0} for all A, BEN, but A#0 and B # 0, from this

observations N is not prime. Moreover, d satisfies the condition d([A, B]) = [A, B] for all

A,B € N.ButA-B # B - A, which yields that N is not commutative ring.

Theorem 5.1.2 (Boua and Oukhtite, 2011) Let N be a prime near-ring. If N admits a nonzero
derivation d such that d(xoy) = xoy forall x,y € N, then N is a commutative ring.

Proof. By the hypotheses, we have
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d(xoy) = xy + yx forall x,y € N. (5.7)
Replacing y by xy in equation (5.7), we get
d(xo(xy)) = x%y + xyx forall x,y € N. (5.8)
Since, we have xo(xy) = x(xoy),
Then equation (5.8) yields d(xo(xy)) = d(x(x0y))
= xd(xoy) + d(x)xoy forall x,y € N,
From the given we have d(xoy) = xoy, Hence, equation (5.8) reduces to
d(xo(xy)) = x(x0y) + d(x)(x0y) = x%y + xyx + d(x)(xoy) forall x,y € N. (5.9)
As we have from equations (5.9), we get
x%y + xyx = x%y + xyx + d(x) (x0y)
Then equation (5.9) assures that
d(x)(xoy) = 0 forall x,y € N. This leads to
d(x)xy = —d(x)yx forall x,y € N (5.10)
Substituting yz for y in equation (5.10) we find that
—d(x)yzx = d(x)xyz
= (—d(x)yx)z
=d(x)y(—x)z forall x,y,z€ N
Since from equation (5.10), we get
—d(x)yzx = d(x)y(—x)z and equation (5.10) becomes
d(x)yz(—x) = d(x)y(—x)z forall x,y,z € N (5.11)
Taking —x instead of x in equation (5.11) gives d(—x)yzx = d(—x)yxz forall x,y,z € N
Sothat d(—x)y(zx —xz) =0,x,y,z € N

Therefore we get

d(—x)N[z,x] =0forall x,z € N. (5.12)
By primeness, equation (5.12) assures that for each x € N, either x € Z(N) or d(x) = 0,
Accordingly,

d(x)=0o0r[x,z] =0forall x,z € N. (5.13)

From equation (5.13) it follows that for each x € N, we have
d(x) =0o0rx € Z(N) forall x e N (5.14)
But x € Z(N) also implies that d(x) € Z(N) and equation (5.14) forces
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d(x)€e Z(N) forallx e N (5.15)
In the light of equation (5.15), it follows that d(N) € Z(N) we conclude that N is a

commutative ring.

The following example proves that the primeness hypothesis in Theorem 5.1.2 is necessary

even in the case of arbitrary rings.

Example 5.2 (Boua and Oukhtite, 2011) Let S be any ring. Next, let us consider the ring

0 y
N = {(O 0 O)/x,y,z € S}. Define amap d: N — N such that

0 z O

=

0 x y 0 x y
d <0 0 0) = (0 0 0) forall x,y € S. Then d is a nonzero derivation on N. If we take
0 z O 0 0 O

0 x; O 0 0
A= (0 0 0) and B = (0 0 O ) with A # 0 and B # 0, then ANB = {0} proving that
0 0 O 0 0 O

N is not prime. Moreover, it can be easily seen that d is a derivation on N and satisfies
d(AoB) = AoB for all A,B € N. In the case of primeness hypothesis not satisfied and N is a

non commutative ring.

Ashraf et al., (2014) proved the following Theorem 5.1.3, if there exist a zero derivation on a

right prime near ring N, then the following condition holds.

Theorem 5.1.3 (Ashraf et al., 2014) Let N be a 2-torsion free prime right near-ring. Then
there exists no nonzero derivation d of N such that d(x)oy = xoy forall x,y € N.
Proof. Suppose d is a nonzero derivation
d(x)oy = xoy forall x,y € N (5.16)
Replacing x by xy in equation (5.16) we obtain
d(xy)oy = (xy)oy = (xoy)y = (d(x)oy))y forall x,y € N (5.17)
Since, we have d(xy)oy = (d(x)y + yd(x)) = d(xy)y + yd(xy),
Then, according to Lemma 4.2.1(ii) we obtain

d(xy)oy = (xd(y) + d(x)y)y + y(xd(y) + d(x)y)

= d()y? + xd(y)y + yxd(y) + yd(x)y,

By using the properties, we get
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d(x)y? + yd(x)y = d(x)y* + xd(y) + yxd(y) + yd(x)y
= yxd(y)xd(y)y =0, forall x,y,z € N.
Therefore,
yxd(y) = —xd(y)y forall x,y € N (5.18)
Substituting xz for x in equation (5.18), we find that
yxzd(y) = —xzd(y)y
= —x(zd(y)y)
= —x(~yzd(¥))
= —x(—y)zd(y) forall x,y,z € N
The last expression reduced to
yxzd(y) = —x(—y)zd(y) forall x,y,z € N (5.19)
Since, we have —yxzd(y) = (—y)xzd(y),
The equation (5.19) becomes
(=y)xzd(y) = x(=y)zd(y) forall x,y,z € N (5.20)
Taking —y instead of y in equation (5.20) we obtain
yxzd(—y) = xyzd(—y) forall x,y,z € N.
So that, it reduces to
(yx — xy)zd(—y) = 0 and therefore we get
[y,x]Nd(—y) = {0} forall x,y € N (5.21)
By primeness, equation (5.19) assures that for each y € N, either y € Z(N) or d(—y) = 0.
Accordingly,
d(y)=0ory e Z(N)forall x,y e N (5.22)
Since equation (5.22) is the same as equation (5.13), y € Z(N) arguing as y € Z(N) also
implies that d(y) € Z(N) and equation (5.22) forces d(y) € Z(N) for all y € Z(N), which
gives d(N) € Z(N). Hence N is commutative ring by Theorem 4.2.2,
d(x)y + yd(x) = xy + yx,
2d(x)y = 2xy forall x,y € N.
Therefore equation (5.16) assures that d(x)y = xy for all x,y € N and replacing x by xt,
This implies that
d(xt)y = xty forall x,t,y € N.
Since, t € N implies that d(t) € N, then we have
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d(xt)y = xty
(d(x)t +xd(0))y = xty
Since d(x)ty + xd(t)y = xty for all x,y,t € N, since d(t) =t, for any t € N. By using
properties
d(x)ty =0 forall x,t,y € N.
Therefore we get,
d(x)Ny = {0} forall x,y € N.
By primeness of N and d # 0, we conclude that y = 0 for all y € N, which yields N is zero
which is a contradiction. Thus condition in equation (5.16) holds only that of d is zero

derivation.

Khan and Madugu in (2017) proved Theorem 5.1.4 and Theorem 5.1.5, in setting of a certain

appropriate non-negative integers on derivation of zero symmetric right prime near-rings.

Theorem 5.1.4 (Khan and Madugu, 2017) Let N be a prime near-ring and there exist non-
negative integers p and q. If N admits a non-zero derivation d such that

d(xy — yx) + xP(xy + yx)x? = 0 for all x,y € N, then N is a commutative ring.

Proof. We have

d([x,y]) = xP(xy + yx)x4 forall x,y € N. (5.23)
Taking y by yx in equation (5.23) and using the properties of commutator (i) and (ii), we find
that

d([x,y]x) = xP(xy + yx)x9*1 forall x,y € N. (5.24)
From the left side of equation (5.24), we get
d([x, y]x) = d([x,yDx + [x,y]d (x) (5.25)

Combining equation (5.23) and (5.24) in equation (5.25), we obtain the result
xP (xy + yx)x9t1 = xP(xy + yx)x4*1 + [x, y]d (x).
This implies that
[x,yld(x) =0forall x,y € N

Replacing y by zy, we have
[x,zyld(x) = [x,z]yd(x) =0 forall x,y,z € N (5.26)
This implies that
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[x,z]Nd(x) = 0forall x,y,z€ N (5.27)
In view of primeness of N, equation (5.27) yields that for each x € N,

d(x) =0ord(x) € Z(N) (5.28)
Now we have if x € Z(N), then d(x) € Z(N).

Hence, equation (5.28) forces that for all x € Z(N), then d(x) € Z(N), therefore
d(N) € Z(N). It follows from Theorem 4.2.2 that N is commutative ring.

Next, we show the second conditions

d([x,y]) = —xP(xy + yx)x? forall x,y € N. (5.29)
Replacing y by yx and using the properties of commutator (i) and (ii), we have

d([x,y]x) = —xP(xy + yx)xa+1 (5.30)
From the left sides of equation (5.30), we have

d([x,y]x) = d([x,yDx + [x,y]d (x) (5.31)

Use the obtained results of equation (5.29) and (5.30) in equation (5.31) to get
—xP (xy = y)xd* = =xP (xy — yx)x* + [x, y]d(x)
This gives
[x,y]d(x) = 0forall x,y € N.
Replacing y by zy, we have for all x,y,z € N, whch implies
[x,zyld(x) = [x,z]yd(x) = 0 forall x,y,z € N,

which implies that

[x,z]Nd(x) = 0 forall x,y € N (5.32)
In view of primeness of a near ring N, equation (5.32) yields that for each x € N,
d(x) =0o0rx € Z(N) (5.33)

So, we know that if x € Z(N), then d(x) € Z(N). Hence, equation (5.33) forces that for all
x € N implies d(x) € Z(N). It follows that d(N) < Z(N), N is commutative ring.

Theorem 5.1.5 (Khan and Madugu, 2017) Let N be a prime near-ring and there exist non-
negative integers p and q. If N admits a non-zero derivation d such that

d(xy + yx) £ yP(xy — yx)y? = 0 forall x,y € N, then N is commutative ring.

Proof. We have

d(xy + yx) = yP(xy —yx)ydforall x,y e N (5.34)



29

Substituting x by xy in equation (5.34) and using properties of commutators (i) and (ii), we
find that
d(xy + yx) = yP(xy — yx)y?*t forall x,y € N (5.35)
By definition of derivation d, we have
d((x0y)y) = d(x0y)y + xoyd(y) forall x,y € N (5.36)
Substituting equation (5.34) and (5.35) in equation (5.36), we get
yP ey — y)y Tt = yP(xy — y)ya™ + xoyd (y).
This implies that xoyd(y) = 0 forall x,y € N, since
yxd(y) = —xyd(y) forall x,y € N (5.37)
Replace x by in tx equation (5.37) and use equation (5.37) to obtain
ytxd(y) = —txyd(y)
= (—t)(—yxd(y))
= (—t)(—y)xd(y) forall x,y,t € N or
(yt — (t)(—y))xd(y) =0 forall x,y,t €N.

Taking y by —y , then we have
(—yt+ty)xd(—y) =0 forall x,y,t € N.
Therefore —[t, y]lxd(—y) = 0 forall x,y,t € N.
This implies that
[t,y]xd(y) = 0forall x,y,t € N. (5.38)
Thus, we have

[t,y]Nd(y) =0forall x,y,t €N,
Since N is prime, we have for each y € N,
d(y) =0o0ry € Z(N) (5.39)
We know that if y € Z(N), thend(y) € Z(N). Hence equation (5.39) forces that for
y € Z(N), implies that d(y) € Z(N). Thus by equation (5.39), N is a commutative ring.

Assume that the next hypotheses

d(xoy) = —yP(xy —yx)yd forany x,y € N (5.40)
Putting x by xy in equation (5.40) and using the properties of commutator (iii), we obtain
d((x0y)y) = —yP(xy — yx)y*1 forall x,y € N (5.41)
By definition of derivation d, we have
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d((xoy)y) = d(xoy)y + (xoy)d(y) forall x,y € N (5.42)
Using equation (5.40) and (5.41) in equation (5.42) to get

—yP(xy — y0)y?*t = —yP(xy — yx)y?* + (x0y)d(y) (5.43)
This implies that (xoy)d(y) = 0 forall x,y € N.

yxd(y) = —xyd(y) forall x,y € N (5.44)

But equation (5.44) is the same as equation (5.37), arguing as in the above proof of Theorem

5.1.4, we assure that N is a commutative ring.

The following example shows that the primeness hypothesis in Theorems 5.1.4 and Theorem

5.1.5 is necessary even in the case of arbitrary rings.

Example 5.3 (Khan and Madugu, 2017) Let R be a non-commutative ring and

0 0 « 0 0 «a 0 0 «
(0 0 ﬁ)/a,ﬁ,y € R}. Defineamap d: N - N by d (O 0 ﬂ) = (0 0 0),
0 0 y 0 0 vy 0 0 O

N =

0 0 o
one can easily check that, d is a non-zero derivation on N. Let A = (0 0 0) and
0 0 O

0 0 O
B = (0 0 ,81), where A # 0 and B # 0. Then ANB = {0}, which shows that N is not
0 0 O

prime. Furthermore, d satisfies the condition d([A4, B]) = [A,B] and d([A, B]) = AoB or
d(AoB) = [A,B] for all A,B in N, but the primeness hypotheses not satisfied. Hence matrix

multiplication is not commutative. Therefore N is a non-commutative ring.
5.2. Commuting Condition on Derivation in Prime Near-Rings

In this section we investigate commuting conditions of derivations satisfying certain
differential identities on 3-prime near-rings. In this case derivation satisfying certain
differential identities on 3-prime near-rings and 2-torsion free conditions facilitate near-ring is
commutative ring. Bell, et al., (2012) and Ashraf, et al., (2014) proved some theorems of
derivations on 3-prime near-rings satisfying certain differential identities and more precisely,
we have conditions which preserve the Lie product [x, y] and the Jordan products xoy in the

derivation on near-rings.
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Definition 5.2.1 (Bell and Mason, 1992) A mapping d: N — N is called a commuting

derivation if [d(x),x] = 0 forall xinN.

The following Theorem 5.2.1 and Theorem 5.2.2 prove that left prime near-ring admitting a

nonzero commuting derivation d on N, show N is commutative ring.

Theorem 5.2.1 (Bell, et al., 2012) Let N be a 2-torsion free 3-prime near ring. If N admits a
nonzero derivation d such that [d(x), y] = [x,d(y)] for all x,y € N, then N is a commutative

ring.

Proof. We are given that
[d(x),y] =[x, d(y)] forall x,y €N (5.45)
Replacing x by d(y)x in equation (5.43), we obtain
[d(d(¥)x), y] = [d(¥)x, d(¥)]
=d)[x, d()],
From equation (5.45), we get
[d(d(¥)x), y] =d()[d(x),y] forall x,y € N,
So that
d(d(y)x)y —yd(d(y)x) = d(y)d(x)y — d(y)yd(x) forall x,y € N (5.46)
In view of Lemma 4.2.1, equation (5.46) implies that
d(y)d(x)y + d*(y)xy — yd*(y)x — yd(y)d(x) = d(y)d(x)y — d(y)yd(x)
Since yd(y) = d(y)y by equation (5.45), the last equation reduces to
d?(y)xy = yd*(y)x forall x,y € N (5.47)
Replacing x by tx in equation (5.47), we get
d?(y)txy = yd?*(y)tx
= d?(y)tyx forall x,y,t € N,
This leads to
d?(y)N[x,y] = {0} forall x,y € N
Since N is 3-prime, we conclude that for each y € N.
d*(y) =0ory € Z(N),
And substituting d(y) for y in equation (5.45) gives
[d(x),d(y)]=0forallx,y e N



32

Thus N is a commutative ring by Theorem 4.2.3.

Theorem 5.2.2 (Bell, et al., 2012) Let N be a 2-torsion free 3-prime near ring. If N admits a
nonzero derivation d satisfying [d(x),y] = [d(x),d(y)] for all x,y € N, then N is a
commutative ring.
Proof. We are given that
[d(x),y] = [d(x),d(y)] forall x,y € N (5.48)
Replacing y by d(x)y in equation (5.48), we obtain

[d(x), d(d()y)] = [d(x),d(x)y]

=d (x)[d(x),y]
=d(x)[d(x),d(y)] forall x,y € N,
So that
d(x)d(d(x)y —d(d(x)y)d(x) = d(x)d(x)d(y) —d(x)d(y)d(x) forall x,y e N  (5.49)
In view of Lemma 4.2.1, equation (5.49) implies that
d(x)d(x)d(y) + d(x)d?*(x)y — d*(x)yd(x) — d(x)d(y)d(x) = d(x)d(x)d(y) —
d(x)d(y)d(x) for all x,y € N.
And by simplifying this we get
d(x)d(x)d(y) —d(x)d(y)d(x) forall x,y € N,
The last equation reduces to
d(x)d?(x)y = d?(x)yd(x) forall x,y € N. (5.50)
Replacing y by ty in equation (5.50), we get
d?(x)tyd(x) = d(x)d?(x)ty
= d?(x)td(x)y forall x,y,t € N,
which leads to
d?(x)N[d(x),y] = {0} forall x,y,t € N.
Since N is 3-prime, we conclude that for each x € N.
d?(x) = 0ord(x) € Z(N) foreachy € N,
So that
d?(x) € Z(N) forall x € N.

Substituting d(y) for y in equation (5.48) gives

[d(x),d(y)] =0, forall x,y € N
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Thus the results follows from the Theorem 4.2.3, N is commutative ring.

Bell, et al., (2012) proved that differential identities involving ant-commutators instead of
commutators are arrive to obtain the derivation on left prime near-ring. We now consider from
Theorem 5.2.3 and Theorem 5.2.4 differential identities involving anti-commutators instead of

commutators.

Theorem 5.2.3 (Bell, et al, 2012) If N is a 2-torsion free 3-prime near ring, then N admits no
nonzero derivation d such that d(x)od(y) = 0, forall x,y € N.
Proof. Suppose d is a nonzero derivation such that
d(x)d(y) +d(y)d(x) =0forall x,y €N (5.51)
Then, d(x) = d(y) we get
d(x)od(x) = 2d(x)?
=0, sothat d(x)? = 0 forall x,y € N.
Thus,
d(d()d())y = 0 = (@2()d(x) + d()d*(x))y
= d?(x)d(x)y + d(x)d?(x)y forall x,y € N,
And in particular,
d?(x)d(x)d(y) = —d(x)d?*(x)d(y) forall x,y € N (5.52)
Now replacing y by d(x)y in equation (5.51), there by obtaining
d(x)(d*(x)y + d()d() + (d)d») + d*(x)y)d(x) = 0
Which it can be rewritten as
d(x)d?(x)y + d(x)(d(x)d ) + d()d(x)) + d?*(x)yd(x) = 0 forall x,y € N (5.53)
In light of equation (5.51), the given equation (5.53) yields to
d?(x)yd(x) = —d(x)d*(x)y forallx,y € N,
So that we have
d?()d(y)d(x) = —d(x)d*(x)d(y) and
Hence
—d?(x)d(x)d(y) = —d(x)d?(x)d(y) forall x,y € N. (5.54)
In view of equation (5.52) and (5.54), now we have
d(x)d?*(x)d(y) = 0forallx,y € N and if d(y) € N, we have
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d?(x)d(y)d(x) = 0forallx,y € N,
It now follows from equation (5.54) that d?(x)Nd(x) = {0} for all x € N and by 3-primeness
of N, thend?(x) = 0 forall x € N.
Therefore by Lemma 4.2.3(iv), we get d = 0 which contradicts our original assumption that

d # 0. Hence the conditions equation (5.51) holds only for zero derivation on N.

The following example proves that the primeness hypothesis in Theorem 5.2.1, Theorem 5.2.2

and Theorem 5.3.3 is necessary to say N is commutative ring.

Example 5.4 (Bell, et al, 2012) Let S be a noncommutative 2-torsion free left near ring. Let us

0 x vy 0 x y 0 x O
consider N = <0 0 0>/x,y,zeS and d(o 0 0>=<0 0 O). It is straight

0 0 z 0 0 z 0 0 O
forward to check that N is a 2-torsion free non 3-prime left near-ring with Z(N) # {0}.

Moreover, d is a nonzero derivation of N satisfying the following conditions
() [d(A),B] =[A,d(B)],

(ii) [d(4), B] = [ d(A4),d(B)],

(iii) d(A)od(B) = 0 forall A,B € N and N is not a commutative ring.

Bell, et al., (2012, Theorem 2.5) proved that 2-torsion free left prime near-ring, if N admits

nonzero derivation, then Z(N) = {0} and N is not ring.

Theorem 5.2.4 (Bell, et al, 2012) Let N be a 2-torsion free 3-prime near-ring. If N admits a
nonzero derivation d such that d(x)od(y) = xoy for all x,y € N, then Z(N) = {0} and N is
not a ring.
Proof. Assume that from the given
d(x)od(y) = xoy forall x,y € N (5.55)
Replacing y by yz in equation (5.55), where z € Z(N), we get
d(x)od(yz) = xo(yz)

= (xo0y)z

= (d(x)od(y))z forall x,y € N
And therefore

d(x)(d()z +yd(2) + (yd(2) + d1)2)d(x) = d(x)d()z + d(y)d(x)z (5.56)
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Using Lemma 4.2.1, equation (5.56) becomes
d(x)yd(z) + yd(z)d(x) = 0forall x,y € N,z € Z(N) (5.57)
Since we have d(z) € Z(N) and from equation (5.57) it follows that
(d(x)y + yd(x))Nd(z) = 0 forall x,y € N,z € Z(N) (5.58)
From the equation (5.58), we have that d(Z(N)) = 0 or d(x)y + xd(y) = 0 forall x,y € N.
The latter case, d(x)d(y) + d(y)d(x) =0 for all x,y € N, so this case cannot occur by
Theorem 5.2.3.
If we take d(Z(N)) = {0}, then for any y € Z(N) equation (5.55) implies that
2xy = xo0y

=d(x)od(y)

=0, forall x € N.
Since N is 2-torsion free, then xy = 0 forall x € N.
Hence yNy = 0 for all y € Z(N) and the 3-primeness of N vyields Z(N) = {0}.

Suppose N ring. Then from 2d(x)? = 2x2, we have d(x)? = x2 forall x € N.
Now, d(x)od(x?) = 2x3
Hence,

d()(d(x)x + xd(x)) + (d(x)x + xd(x))d(x) = 2x3 forall x € N,
So that

d(x)%x + d(x)xd(x) + d(x)xd(x) + x d(x)? = 2x3 forall x € N,
Accordingly,

x3 +2d(x)xd(x) + x3 = 2x3 forall x € N,
So 2d(x)xd(x) = 0 and therefore
d(x)xd(x) =0 forall x €N,

Pre-multiplying and post-multiplying by d(x) gives d(x)?xd(x)? = 0, x> = 0 forall x € N.
But this cannot happen, for by considering the result of a prime ring cannot be nil of bounded

index. Thus, our assumption that N is ring yields a contradiction. Therefore N is not ring.

The following results follow from theorem 5.2.4.
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Corollary 5.1 (Bell, et al, 2012) Let N be a 2-torsion free 3-prime near-ring with
Z(N) #+ {0}. Then N admits no nonzero derivation d such that d(x)od(y) = xoy for all
x,y €N.

The following example proves that the primeness hypothesis in Theorem 5.2.4 cannot be

omiftted.

Example 5.5 (Bell, et al, 2012) Let S be a non commutative 2-torsion free left near-ring. Let

us consider N =

0 x vy
(0 0 0>/x,y,zES} and a map defined by d:N — N, then
0 z O

0 x y 0 2x y
d<0 0 0) = (0 0 0) for all x,y,z € S. Therefore d is derivation on N, but N is
0 z O 0 z O

0 le X3 0 2371 V2
neither a 3-prime nor ring. For instant, let x = (0 0 O) and y = (0 0 0) for
0 0 O 0 0 O

all x1, x5, y1,y, €S, it is straight forward d is derivation on N. We have xNy = {0}, but
x # 0 and y # 0. From the above observations d(x)od(y) = xoy for all x,y € N, then
Z(N) # {0} and N is neither a prime nor ring.

We consider from Theorem 5.2.5, a zero symmetric prime right near-rings with derivation

satisfying the following conditions.

Theorem 5.2.5 (Ashraf et al., 2014) Let N be a right prime near-ring which admits a nonzero
derivation d. Then the following assertions are equivalent

(i) d([x, y]) = [d(x),y] forall x,y € N,

(i) [d(x),y] = [x,y] forall x,y € N,

(iii) N is a commutative ring.

Proof. First we show (i) = (iii).

Assume that

d([x,y]) = [d(x),y] forall x,y € N (5.59)
Replacing y by yx in equation (5.59) we get
[d(x),yx] = d([x,y]x) forall x,y € N (5.60)

By definition of derivation d, equation (5.60) reduced to
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xyd(x) = yd(x)x forall x,y € N (5.61)
Substituting yz for y in equation (5.61) where z € N, we obtain [x, y]zd(x) = 0 which leads
to

[x,y]Nd(x) = {0} forall x,y € N. (5.62)
Since N is a prime, equation (5.62) yields

d(x)=0or[x,y]=0forallx,y € N (5.63)

Then equation (5.63) it follows that for each fixed x € N, then we have
d(x)=0o0rd(x) EN (5.64)
But x € Z(N) also implies that d(x) € Z(N) and equation (5.64) forces d(x) € Z(N) for all
x € N, hence d(N) € Z(N), we conclude that N is a commutative ring.
Let we show (ii) = (iii), from the hypothesis
[d(x),y] = [x,y] forall x,y € N (5.65)
Replacing x by in xy equation (5.65) and by using the properties of commutators
[xy,y] = [x,¥]y,
Then we get
[d(xy),y] = [x,yly = [d(x),y]y forallx,y € N
In view of Lemma 4.2.1(i), the last equation can be rewritten as

d(x)y? + xd(y)y — yxd(y) — yd(x)y = d(x)y* — yd(x)y,

So that

xd(y)y = yxd(y) forall x,y € N (5.66)
Substituting yz for y in equation (5.66), where z € N, we obtain that [x, y]zd(y) = 0 which
leads to

[x,y|Nd(y) = {0} forall x,y € N (5.67)
Since N is a prime, equation (5.67) yield

d(y)=0or[x,y]=0forallx,y e N (5.68)
Then equation (5.68) it follow that for a fixed y € N, we have

d(y)=0o0rd(y) EN (5.69)

But y € Z(N) also implies that d(y) € Z(N) and equation (5.69) forces d(y) € Z(N) for all

x,y € N.Hence d(N) € Z(N) and by primness, N is commutative ring.
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We show that (iii) = (i).
Suppose N is commutative ring, for all x,y € N, since xy = yx.
We need to show that d([x, y]) = [d(x),y], forall x,y € N, the from the left side
d([x,y]) = d(xy — yx)

= d([xy — xy), since N is commutative ring,

=d(0) =0forallx,y e N (5.70)
From the right side,

[d(x),y] = d(x)y —yd(x), d(x) € N, since N is commutative ring d(x)y = yd(x).
[d(x),y] = d(x)y — d(x)y
=0forallx,y e N (5.71)

From equation (5.70) and (5.71) we conclude that d([x, y]) = [d(x),y] forall x,y € N.

We show that (iii) = (ii).
Suppose N is commutative ring, we need to show that

[d(x),y] = [x,y] forall x,y € N.
From the left side,
[d(x),y] = d(x)y — yd(x) for all x,y € N, d(x),y € N, then we get d(x)y = yd(x), N is
commutative ring we have

[d(x),y] = d(x)y — d(x)y
=0 forall x,y € N. (5.72)

From the right side

[x,y] = xy — yx, forall x,y € N.
From this

[x,y] = xy — xy forall x,y € N, since N is commutative ring xy = yx.

[x,y] =xy —xyforall x,y €N (5.73)
From equation (5.72) and equation (5.73), we conclude that [d(x),y] = [x,y] forall x,y € N.

5.3.Centralizing Derivation on Prime Near-Rings

Bell and Mason (1987) defined centralizing derivation of a near-ring. Inspired by the study of
centralizing derivation in rings, they studied the concepts of centralizing derivations in near

rings. Motivated by their study recently, Ashraf et at., (2014) proved a prime near-ring which
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admits a nonzero centralizing derivation d on N. In this section it is shown that zero
symmetric prime right near-rings with derivations satisfying certain identities are commutative

ring.

Definition 5.3.1 (Bell and Mason, 1992) A mapping d: N — N is said to be centralizing
derivation on a near-ring N if [d(x),x] € Z(N), holds for all x in N.

We facilitate our discussion with the following Lemma 5.1 which is required for developing

the proof of the following theorems.

Lemma 5.1 (Ashraf, et al., 2014) Let N be a 2-torsion free right prime near-ring. If N admits a
nonzero derivation d such that d([x, y]) = 0 forall x,y € N, then N is a commutative ring.

Proof: Let we have given that

d([x,y]) =0forall x,y € N (5.74)
From the equation (5.74), we get

d(xy —yx) = d(xy) + (—d(yx)) =0forallx,y €N (5.75)
By comparing equation (5.74) and (5.75), we get d(xy) = d(yx) forall x,y € N.

Now,

d(x)y + xd(yyd(x) = d(y)x + yd(x) forall x,y e N (5.76)

Therefore, equation (5.76) argue that N is a commutative ring.

Ashraf, et al., (2014) proved Theorem 5.3.1 and Theorem 5.3.2 by using primeness condition

on a nonzero derivation d for which d(N) < Z(N), then the following condition hold.

Theorem 5.3.1 (Ashraf et al., 2014) Let N be a 2-torsion free prime near-ring which admits a
nonzero derivation d. Then the following assertions are equivalent

() d([x,y]) € Z(N)forallx,y € N.

(if) N is a commutative ring.

Proof. We show first (i)= (ii)

Suppose we are given that

d([x,y]) € Z(N) forall x,y € N (5.77)
Case (i) If we take Z(N) = {0}, it follows d([x,y]) = 0 for all x,y € N. By Lemma 5.1, we

conclude that N is a commutative ring.
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Case (ii) Let Z(N) # {0}, replacing y by inyz equation (5.77), where z € Z(N),
d([x,ylz) € Z(N). Then we get
d([x,ylz) + [x,y]d(z) € Z(N) forall x,y € N, z € Z(N). (5.78)
Using equation (5.77) together with Lemma 4.2.1(i) and equation (5.78) implies

[x,y]ld(z) € Z(N) forall x,y € N, z € Z(N).

Accordingly,
[lx, y1d(2),t] = [[x,y],t]d(z) = 0, forall t € N,
Thus
[[x, v], t]Nd(z) = {0} forall x,y,t € N,z € Z(N) (5.79)

Using the primeness of N, from equation (5.79) it follows that d(Z(N)) = 0 or [[x,y],t] = 0
forall x,y,t € N.

Assume that [[x,y],t] = 0 for all x,y,t € N, substituting yx for y we get [[x,y],t] = 0 and
therefore [x, y][x,t] = 0 forall x,y,t € N. As [x,y] € Z(N),

Hence we get

[x,y]N[x,y] = {0} forall x,y € N. (5.80)
In light of the primeness of N, the equation (5.80) shows that [x, y] = 0 and hence x € Z(N).

Accordingly,

d(x) € Z(N) forall x,y € N. (5.81)
Once again using Lemma 5.1, we get the required result. On the other hand, if

d(Z(N)) = {0}, then d?([x,y]) =0 forallx,y €N (5.82)

Replacing y by yx, we have 0 = d?([x, yx])
= d?([x,y]Dx + 2d([x, y])d(x) + [x,y]d?(x) forall x,y € N.
Then we have, d?([x, yx]) = d?([x, y])x

Hence

2d([x, y]d(x) + [x,y]d*(x) = 0 forallx,y € N. (5.83)
Taking [u,v] instead of in equation (5.83) and using the hypothesis 2-torsion freeness, we
have
d([u, v])Nd([[u, v],y]) = {0} forall u,v,y € N. (5.84)

Since N is 3-prime, then equation (5.84) shows that
d([u,v]) =0or d([[u, v],y]) =0 forall. u,v,y €N (5.85)
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Therefore in view of equation (5.78), equation (5.85) implies that

d(f[u,v]) = 0or [u,v]ld(y) =d(y)[u,v] forall. u,v,y € N (5.86)
If there are two elements u,, v, € N such that
[uy, v,1d(y) = d(y)[u, ,v,] forall y € N. (5.87)

Replacing y by [u,, v,]t in the first term of equation (5.87) and using Lemma 4.2.1(i), we
have

[Uo, Vold([Uo, Vo1t) = [Uo, vold([to, Vo]t + [, Vp]2d(t)

= d([to, Vo)) [Uo, Vo]t + [, Vp]%d(2)
Taking [u,, v,]t instead of y in the second term of equation (5.87) and using equation (5.84),
we get
d([uo, vo]t)[ o, Vo] = d([Uo, Vot[Uo , Vo] + [to, v,]2d (L) (5.88)
Comparing the last two equations (5.87) and (5.88), we get
d([ue, voIN[[u, ,v,],t] = {0} forall t € N.
Since N is 3-prime, we get that
d([ue, v,]) = 0or [[u,, v,],t] = 0forall t € N.
Taking equation (5.87), into account, equation (5.86) implies that
d([u,v]) =0or[[u, v],t] = 0forall t,u,v € N. (5.89)
If there are two elements u,,v; € N such that [[u,, v;],t] = 0 forall t € N, then
[uy, v1] € Z(N).
By the hypothesis, we get d([uq, v1]) = 0, from equation (5.89) and the last expression, we
get
d([u,v]) = 0 forall u,v € N.

Hence, N is a commutative ring by Lemma 5.1.

Next, we show the converse or (ii) = (ii)
Suppose N is commutative ring, then for some x € Z(N) implies that xy = yx, since
derivation d on N, we have d(xy) = d(yx) forall x,y € N or

d(xy —yx) =dx)y + xd(y) —d(y)x —yd(x) = 0forall x,y € N (5.90)
Therefore from equation (5.90), we get d([x, y]) = 0. Now d is a zero derivation Z(N) # @,
this shows that 0 € Z(N). It follow from Lemma 5.1, then equation (5.77) assure that
d([x,y]) € Z(N) forall x,y € N.
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Ashraf, et al., (2014) proved Theorem 5.3.2 by using primeness condition on a nonzero
derivation d for which d(N) € d(N), show the equivalent condition hold.

Theorem 5.3.2 (Ashraf et al., 2014) Let N be a prime near-ring which admits a nonzero
derivation d. Then the following assertions are equivalent
() [d(x),y] € Z(N) forall x,y € N,

(if) N is a commutative ring.

Proof. We first show that (i) = (ii).
Assume that
[d(x),y] € Z(N) forall x,y € N. (5.91)
Hence, by using Lemma 4.2.1, for any t € N, the we get
[d(x),y]t = d(x)yt — tyd(x)
= [[d(x),y1.¢]
=0, forall x,y,t € N. (5.92)
Therefore [[d(x), y],t] = 0 and replacing y by yd(x) in the equation (5.92) we find that
[[d(x),y]ld(x),t] = 0 forall x,y,t € N. (5.93)
In view of equation (5.91), equation (5.93) assures that
[d(x),ylt[d(x),y] = {0} forall x,y,t €N,
Since for any t € Z(N), then we have
[d(x),y]N[d(x),y] = {0} forall x,y € N. (5.94)
By primeness of N, the equation (5.94) shows that
[d(x),y] = 0forall x,y € N.

Hence, d(N) € Z(N) and by using Lemma 5.1 assures that N is a commutative ring.

Next, we show (ii) = (i).

Suppose N is commutative ring, then for any x,y € N implies that d(x)y = yd(x), since
derivation d on N, we have

d(x)y —yd(x) =0forall x,y €N (5.95)
Therefore from equation (5.95), we get [d(x),y] = 0 for all x,y € N. Now N is commutative
ring, we have d(x)y — yd(x) = 0 follow that d(x) € Z(N). It follow from Lemma 5.1, then
equation (5.91) assure that [d(x),y] € Z(N) forall x,y € N.
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We now consider differential identities involving anti-commutators instead of commutators.

We obtain the following results:

Theorem 5.3.3 (Ashraf et al., 2014) Let N be a 2-torsion free prime near-ring which admits a
nonzero derivation d. Then the following assertions are equivalent

(i) d(xoy) € Z(N) forall x,y € N,

(if) N is a commutative ring

Proof. We show (i) = (ii).

Suppose that

d(xoy) € Z(N) forall x,y e N (5.96)
Case 1: If we take Z(N) = {0}, then d(xoy) = 0 and replacing y by yx in equation (5.96) we
obtain and thus

xyd(x) = —yxd(x) forall x,y € N (5.97)
Substituting yz for y in equation (5.97), we have

xyzd(x) = —yzxd(x)

= —y(—xzd(x))
= —y(—x)zd(x) forall x,y € N.

This means that
xyzd(x) = —y(—x)zd(x) forall x,y,z € N (5.98)
Since we have
—xyzd(x) = (—x)yzd(x),
Then equation (5.98) becomes

(=x)yzd(x) = y(—x)zd(x) forall x,y,z € N. (5.99)
Then from equation (5.99), we have

[—x,y]zd(x) = 0 forall x,y,z € N. (5.100)
Taking —x instead of x in equation (5.100) gives us

[x,v]zd(—x) = 0 forall x,y,z € N. (5.101)
Accordingly,

[x,y]Nd(—x) = {0} forall x,y € N. (5.102)
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Since equation (5.102) is the same as equation (5.19), arguing as in the proof of Theorem

5.1.3, we conclude that N is a commutative ring.

Case 2: If we take Z(N) # {0}, replacing y by yz in equation (5.94), where z € Z(N), we get

d(xoy)z + (xoy)d(z) € Z(N) forall x,y € N,z € Z(N). (5.103)
Using equation (5.96) together with Lemma 4.3.1(i), equation (5.103) reduces to
(xoy)d(z) € Z(N) forall x,y € N,z € Z(N). (5.104)

Since d(z) € Z(N), equation (5.104) yields that
[(xoy)d(z2),t] = [xoy,t]d(z) = 0.
So that we have
[xoy],t]Nd(z) = {0} forall x,y € N,z € Z(N),
By primeness of N, the last equation forces either
d(Z(N)) = {0} or xoy € Z(N) forall x,y € N (5.105)
Suppose that we take d(Z(N)) = {0}. If 0 =y € Z(N), Since
d(xoy) = d(x)y + d(x)y € Z(N),
Then we have
d(d(x)y +d(x)y) =0
And we have
(d?(x) + d*(x))y =0forallx e N (5.106)
Using the fact that 0 # y € Z(N), equation (5.106) leads to d?(x) = 0 forall x € N.
So that d? = 0 and Lemma 4.2.3(iv) forces that d = 0, a contradiction of our assumption.
Accordingly, we have
xoy € Z(N) forall x,y € N.
Let we take 0 # y € Z(N), from xoy = y(x + x), x?0y = y(x? + x?) it follows, because of
the primeness hypothesis, that
x+x€Z(N), x> +x?>€ Z(N)forallx e N
Thus
(x + x)xt = (x% + x*)t

=t(x? + x?)

=t(x+ x)x

=(x+x)txforall x,t €N
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and therefore

(x +x)N[x,t] = {0} forall x,t € N. (5.107)
Once again using the primeness hypothesis, equation (5.107) yields x € Z(N) or 2x =0 in
which case 2-torsion freeness forces x = 0. Consequently, in both the cases we arrive at
x € Z(N) for all x € N. Hence d(N) € Z(N) and Theorem 4.2.2 assures that N is a

commutative ring.

Next, suppose that N is commutative ring, then for some x € Z(N) implies thatxy = yx and
Z(N) = 0, then d(xoy) = 0, forall x,y € N.

Hence, d(xy + yx) = 2d(xy). By 2-torsion freeness d(xy) = 0, forall x,y € N.

Therefore d(N) € Z(N) and equation (5.92) assure that d(xoy) € Z(N) forall x,y € N.

The following Theorem 5.3.4 prove that 2-torsion free right prime near ring which admits a

nonzero derivation d, then the following conditions hold.

Theorem 5.3.4 (Ashraf, et al., 2014) Let N be a 2-torsion free prime near-ring which admits a
nonzero derivation d. Then the following assertions are equivalent
(i) d(x)oy € Z(N) forall x,y € N,

(if) N is a commutative ring.

Proof. We show that (i) = (ii).

Suppose that

d(x)oy € Z(N) forall x,y € N. (5.108)
Case 1: If Z(N) = {0}, then equation (5.108) reduced to
d(x)y = —yd(x) forall x,y € N. (5.109)

Substituting yz for y in equation (5.109) we obtain
d(x)yz = —yzd(x)
= (=y)zd(x)
= (=y)(=d(x)z)
= (—y)d(—x)zforall x,y,z € N,
in such a way,
(d(x)y + yd(—x))z = 0 forall x,y,z € N. (5.110)

Taking —x instead of x in equation (5.110) we get
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(—d(x)y + yd(x))Nz = {0} forall x,y,z € N. (5.111)
Since N is prime, equation (5.104) forces d(N) € Z(N) and from Theorem 4.2.2 it follows

that N is a commutative ring.

Case 2: Suppose that Z(N) # {0}. If we take 0 # z € Z(N), since d(x)oz € Z(N), we find
that
d(x) +d(x) € Z(N) forall x e N (5.112)
Moreover, from equation (5.112) it follows that
d(x+x)y +yd(x + x) € Z(N)
Equation (5.112), yields that
(d(x+x) +d(x+x))y € Z(N) forall x,y € N
And therefore, for all t,x,y € N we have
(dx+x)+d(x+x)ty =y(d(x +x) + d(x + x))t
=(d(x+x)+d(x+x))y forallx,t e N
So that

(d(x +x) +d(x +x))N[t,y] = {0} forall t,x,y € N. (5.113)
In view of the primeness of N, equation (5.113) implies that either d(x + x) + d(x + x) = 0
or [t,y] = 0 and thus d = 0, is a contradiction or N € Z(N) in which case d(N) < Z(N) and

N is a commutative ring by Theorem 4.2.2..

Next, let N is commutative ring, we have d(x)oy = d(x)y + yd(x) for any x,y € N, if there
is a nonzero derivation on N,
d(x)y + yd(x) =0forany x,y € N. (5.114)
Equation (5.114) is a zero derivation, then

d(x)y = —d(x)y forall x,y € N.
Then, we get d(x)y = 0, it follows that 0 € Z(N).
Hence we assure that from equation (5.108), d(x)oy € Z(N) forall x,y € N.
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6. SUMMARY AND CONCLUSION

6.1. Summary

Near-rings are one of the generalized structures of rings. But it is difficult to say always near
ring is commutative ring, because it did not satisfy all the properties of commutative ring.
Some methods have been needed to describe the structure of near-ring is commutative ring. It
is possible by using derivation on near ring satisfying certain identities to say N is
commutative ring. Mainly, this project is studied commutativity of near rings with derivations
satisfying certain differential identities. The work concerning commutativity of near-rings
with derivations stating that the existence of a suitably constrained derivation on a prime near-
ring forces the near-ring to be a commutative ring. The ways of commuting conditions on
derivation in 2-torsion free zero symmetric prime near-ring N, which shows N is commutative
ring. Most of the results are devoted to the study commutativity of prime near-rings satisfying
certain conditions involving derivations. It is proved that in different theorems which
facilitates our aim of these project to be clear. Finally, some examples are given to show the

primeness hypothesis are necessary even in the case of arbitrary rings.

6.2. Conclusion

From the results of the study on derivation in near rings, the concepts were deduced by
different authors and near ring with derivations satisfying certain identities are commutative
ring. This project, prove that a prime near-ring which admits a nonzero derivation satisfying
certain differential identities is a commutative ring. Moreover, commutativity of prime near
ring satisfying certain conditions involving derivations have been studied. Finally, from the
result of commuting derivation and centralizing derivation, concluded that N is commutative

near-ring.
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